Mathematica 11.3 Integration Test Results

Test results for the 413 problemsin "1.2.2.4 (f x)"m (d+e x"2)"q (a+b
x"2+c x"4) p.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
Jx”’ (2+3x%) 4/5+x* dx

Optimal (type 4, 208 leaves, 6 steps):

/ 4
gXx/5+x4 +Ex3x/5+x4 —M+ix5 <6+7X2) A5+ xt o+
21 3

V5 +x? 21
1/4 2 _ Sext i i 2 1
10 51/ (\/?+x) ,(ﬁ+x2)z E111pt1cE[2Ar‘cTan[51/4], 2] .
V5 xt 21/5+x%
5+ x* .. X 1
5 g/ (21+2\E) (\/?H(Z) —————— EllipticF[2ArcTan[—], =]
(\/?+x2)2 s147 2

Result (type 4, 105leaves):
X (100 + 70 x? + 50 x* + 49 x® + 6 X8 + 7 x')

V5 + x4

1/4
210 (-1)%* 54 E1lipticE[i ArcSinh| [——] x|, -1] +
5

1

21

+

1/4
10 (-5)V4 (72111+2\/?) E1lipticF [i ArcSinh| (—l] x|, 1}]
5

Problem 16: Result unnecessarily involves imaginary or complex numbers.
sz (2+3x%) 4/5+x* dx

Optimal (type 4, 192 leaves, 5steps):
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10 4x+/5+x* 1
A saxt 22T R 23 (14 +15x%) /5 +x* -

7 V5 ex2 35
1/4 2 [5x4 s X 1
4 51/ (\/?er ) (ﬁﬂ(z)z E111pt1cE[2Ar‘cTan[51/4}, 2] .
N
V5 + x4 75 +x*
5+ x* X 1

514 (14-5+/5 | (V5 +x?) | —————— EllipticF[2ArcTan[ ], ]

(\/?+X2)2 51/4 2
Result (type 4, 101 leaves):

250 + 70 x% + 125 x* + 14 x5 + 15 x8 1/4
X (250470 + 125 x* + 147 + 15 X°) -4 (—1)3/451/4EllipticE[iAr‘cSinh[(—1] x|, -1] +
355+ x4 5

1

1/4
2 (Lsywa (141 +5+/5 | ELlipticF[i ArcSinh| [-—] x|, -1]
5

~N

Problem 17: Result unnecessarily involves imaginary or complex numbers.
j(2+3x2) A/ 5+ x* dx

Optimal (type 4, 176 leaves, 4 steps):
/5 4 x4
Sxve+x 1, (18 +9x%) y/5+x* -

V5 +x2 15
6 5l/4 (\/?erz) Wz_*ii‘;)z EllipticE[ZAr‘cTan[Sz,J, i] L
\ .
V5 xt 345+ x4
4
51/4 (9+2\E) (\EH(Z) LA S EllipticF[ZAr‘cTan[L], l]
(\/?+x2)2 s47 2
Result (type 4, 96 leaves):
50 + 45 x2 + 10 x* + 9 X6 e
X (50 +45x* + 10 x* + 9 x°) -6 (71)3/451/4EllipticE[iAr‘cSinh[(—1] x], 1] +
15+/5 + x4 °
2 1\1/4
2 (5 (91-2\/?) EllipticF[i Ar‘cSinh[(——) x|, -1]
3 5

Problem 18: Result unnecessarily involves imaginary or complex numbers.

J<2+3X2)W

2

dx
X

Optimal (type 4, 171 leaves, 4 steps):
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4 5l/4 (\/?erz) 52— EllipticE[2ArcTan| 2],

(2-%2) V5+x®  ax/5ixE (Vs )’ el ]
+ - +

X \/?+X2 5+ x4

N =

51/4 (2 N \/?) (\/? N XZ) (\gil)z EllipticF [2 ArcTan [ 5:/,4 ] » ﬂ

V5 + x4

Result (type 4, 108 leaves):

1/4
~10+5x% - 2x +x0 -4 (-1)* 5V x /54 x4 EllipticE[jArcSinh[(—l) x|, -1] -
5

X V5 + x4
1/4
2 (-5)Y% (25 +/5 | x\/5+x* EllipticF[i ArcSinh| [71) x] 1})

5

Problem 19: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2)\/ﬁ

4

dx
X

Optimal (type 4, 192 leaves, 5steps):
6Vs5+xt  (2-9%) V5+x*  6x+/5+xt
- - +

X 3x3 A5 +x2
6 5l/4 (\/?erz) l(rz*ii‘;)z EllipticE[ZAr‘cTan[Sz,J, i]
+
V5 + x4

(2+9\/?) (\/?+x2) —52¢_ EllipticF[2ArcTan[ %], 1]
(\/?H(z) 51/4 2
3. 5Y4/54x%
Result (type 4, 98 leaves):

5(10+45x2+2x*+9x° 1/4
L (10 457+ 2x7+ 9 ) —90(—1)3/451/4EllipticE[jAr'cSinh[(71] x], -1] +
15 35 15 c

1/4
2 (-5)1/4 (451-2%?) E1lipticF[i ArcSinh| (_1] x|, _1}]
5

Problem 27: Result unnecessarily involves imaginary or complex numbers.

Jx“ (2+3x2) <5+x4)3/2d1x

Optimal (type 4, 235 leaves, 7 steps):
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4 10 > (78 + 77 x4
200 \/:+—x\/7 300 x /5 + x X® (78 + 77 x%) \/5 + x

+

13 (\F+x2) leo1
300 514 (V5 +») [ Elliptick[2ArcTan[ %],
1 3/2 (\E+X) 2
——x° (26 +33x%) (5+x*) 2,
143 13/5 + x*
1 5+ x4 1
— 59 54 (231+26 \/?) (\/?erz) o2 EllipticF|[2ArcTan| —— X 1, =
1001 /5 + x* (ﬁﬂ(z)z 51/4°° 2
Result (type 4, 115leaves):
1
— | ——x (13 000 + 7700 x> + 11050 x* + 11165 x° + 2600 x® + 3080 x*° + 182 x*? + 231 x“) +
1001 /5 4+ x4

1/4
23100 (-1)>* 54 EllipticE[i ArcSinh| [-1) x|, -1] +
5

1/4
100 (-5)*/* (-231i +26/5 | EllipticF [i ArcSinh| (71] x|, 1})

Problem 28: Result unnecessarily involves imaginary or complex numbers.

sz (2+3x2) <5+x4)3/2d1x

Optimal (type 4, 219leaves, 6 steps):

300 40 x /5 4 2 1
o xfsext s 2T S e (154 +135x%) A5+ x* + —x* (22+27x%) (5+x4)%% -
77 3 (€+x2) 231 99
40 - 51/4 (\E+x2) Wi_%x) E111pt1cE[2Ar'cTan[51/4], i] )
N
345+ x4 231+/5 + x*
5+X4 . . X 1
10 54 (154—45 \/?) (\/?erz) —————— EllipticF|[2ArcTan| —|, —|
(V5 +x2)? 51477 2

Result (type 4, 110leaves):
1

693

X (13 500 + 8470 x2 + 11475 x* + 2464 x® + 2700 x8 + 154 x1© 1 189 x12)

5+ x4

9240 (-1)** 54 EllipticE[i ArcSinh| (- !

5)1/4x}, -1] +

1/4
60 (-5)/* (154 i +45/5 | E1lipticF [i ArcSinh| (75) x|, -1]
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Problem 29: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2) (5+x4)3/2d1x

Optimal (type 4, 197 leaves, 5steps):
/ 4
ZGX#+EX (10+7X2) A5+ x* + iX <6+7X2) (5+X4)3/2—

\/?+X2 7 21
1/4 2 _ 5ax* 3 i X i
20 51/ (\E + X ) (\/?+X2)2 E111pt1cE[2 APCTan[Sl//,4], 2] 1
\ N
V5 xt 75+ x4
4
10 5/4 (7+2\/?) (\/?+x2) 2 EllipticF[ZAr‘cTan[L], l}
(V5 ) o2

Result (type 4, 106 leaves):
X (450 +385x2+120x*+112x5 +6x8+7 xla)

21+/5+ x4

1/4
20 (-1)**5Y4EllipticE [i ArcSinh| (—1) x|, -1] +
5

20 1\1/4
~ (-5)%* (74 -2+/5 | EllipticF[i ArcSinh| [-—] x|, -1]
7 5

Problem 30: Result unnecessarily involves imaginary or complex numbers.

dx

J(2+3x2) (5+x4)3/2

XZ

Optimal (type 4, 199 leaves, 5steps):
NS 14 - 3x2) (5+x4)32
2AXNE X +ix(25+14x2)m—( <) (5+x)

V5 o+ x? 35 7%
24 5l/4 (1/5 +x2) mEllipticE[ZAr‘CTan[Sf,A], %]
5 +x? ’ 1
+
“/5+X4 7\/5+X4
5+ x4 . X 1
6 cl/a (14+5\E) (\/5 +x2) —————— EllipticF[2ArcTan[—], =]
(\/?+x2)2 VA2

Result (type 4, 125leaves):
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1 2 4 6 8
—— | -1750 + 1125 x“ - 280 X" + 300 xX° + 14 x°® +
35x/5+ x4
1,1/4
15x™ -840 (-1)>* 54 x+/5+x* EllipticE[i ArcSinh| (——] x|, -1] +
5

1/4
60 (-5)%/* (144 -5+/5 | x+/5+x* EllipticF[iArcSinh| (-3] x], -1})

5

Problem 31: Result unnecessarily involves imaginary or complex numbers.

dx

J(2+3x2) (5+x4)°2

4

Optimal (type 4, 201 leaves, 5 steps):
2 (27-2x2) V5 +x*  36x/5+x*  (186-9x%) (5+x4)*?
- +

3x N 15 x3
5+x4 . . 1
36  51/4 (\/?+x2) ,7(ﬁfx2)2 E111pt1cE[2Ar‘cTan[5§m], 2] )
N
ra 35+ x4
5+ x4 X 1
2 5Y4 (274245 ) (V5 +x?) |~ EllipticF[2ArcTan[ ], =]
(\/?+X2>2 51/4 2
Result (type 4, 124 leaves):
[ 250-1125x2-180xF + 10x® 4 9 x1 -
15 x3 /5 + x4
1/4
540 (-1)*5Y4x3 5+ x* E1lipticE[i ArcSinh| (75] x|, -1] +
5

1/4
20 (-5)¥% (274 -2+/5 | x* /5 x* ELlipticF [i ArcSinh | (71J x|, 1])

5

Problem 39: Result unnecessarily involves imaginary or complex numbers.

dx

x* (2+3x2)
e

Optimal (type 4, 185leaves, 5steps):
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/ 4
EX\/5+X4 +EX3\15+X4 _qu
3 5

5+ x?
9 54 (V5 +x2) ,(V;iiz)z EllipticE[2ArcTan[ X ], 7] )
5+ Xt e
514 (27245 ) (V5 +x?) ﬁ EllipticF[ZArcTan[;T}, %]
+x
Result (type 4, 96 leaves):
9 (-1)**sY4EllipticE[4 Ar‘cSinh[(l)lMx], -1] +

1 (x (50 + 45 x? + 18 x* + 9 x°)

V5 + x4

1\1/4
+5 (-5)14 (-27i+2ﬁ) EllipticF[i ArcSinh]| (-—] x|, -1])

15 5

Problem 40: Result unnecessarily involves imaginary or complex numbers.

dx

X2 (2+3x?)
e

Optimal (type 4, 166 leaves, 4 steps):

2 51/4 (4/5 +X2) ﬁ EllipticE[ZAr‘CTan[Sf,A], %}
7 5 +x !
wf5 +2X\/5+X

- +

V5 4 x2 V5 x*
514 (2-4/5 ) (V5 +?) (rzx) EllipticF [2ArcTan[ X ], 3]
2/5+ x4
Result (type 4, 71 leaves):
xm-z (-1)%*5Y4E1lipticE[i ArcSinh| (—E Mx}, -1+
(-5)V% (24 + /5 | EllipticF[i ArcSinh| (;]1/4 x|, -1]

Problem 41: Result unnecessarily involves imaginary or complex numbers.

2 +3x?
J dx
V5 +x*
Optimal (type 4, 155leaves, 3 steps):
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3 514 (5 42 S’ E1liptick[2ArcTan| 2], 1
e ( +x) ] ipticE|[2Arc an[sw} 2]
- +
V5 e ara
(2+3\E) (\E+xz) (gxaz)z EllipticF[2ArcTan| 2], 1]
+X /

2 545Xt
Result (type 4, 62 leaves):
1 1

1/4 1/4
[_—) [—3]’1\/5 E1lipticE [i ArcSinh| [——) x|, -1] +
5 5

1/4
(72+3jﬁ) EllipticF[i ArcSinh| [—1) x|, 1]]
5

Problem 42: Result unnecessarily involves imaginary or complex numbers.
2+ 3x?
ji dx
x2 /5 + x4
Optimal (type 4, 173 leaves, 4 steps):

2 (\/5 +x2) — 5 EllipticE[2ArcTan| X ], %]
25T 2xEixE V52| e
— + -
5x 5 (V5 5245+ x*

(24375 ) (V5 +x) /ﬁ EllipticF[2ArcTan| 2], 3]
2 534454 x4
Result (type 4, 81 leaves):

7 1/4
1 _2—V5+X_2 (_1)3/4 514 E1lipticE[i ArcSinh] [—lJ x|, -1] -
5 X 5
1 1/4
(~5)1/4 (72]1+3\/?> E1lipticF[i ArcSinh| (—f) x|, -1]
5

Problem 43: Result unnecessarily involves imaginary or complex numbers.
2+3x2
ji dx
x4 /5 xE
Optimal (type 4, 189leaves, 5steps):
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N =

3 (V5 +x?) [ EllipticE[2ArcTan[ * ], 1]
2vV5+x*  34/5+x*  3xV5+x* (vE o) 51/
- - +

15 x3 5Xx 5(\/?+x2) 53/4 /5 1 x4

(2-9V5) (V5 %] | (g:z)z EllipticF[2ArcTan[ ], 2]
30 5Y44/5 4 x*
Result (type 4, 97 leaves):

5 (10 + 45 x? + 2 x* + 9 X6 e
1 [ (18+45x? + 2% + 9 xF) —45(—1)3/451/4EllipticE[iAr‘cSinh[(—l] x|, -1] +
75 35 X >
1/4
(-5)"* (451 +2+/5 ) ELlipticF[i ArcSinh| (—l] x|, -1]
5

Problem 50: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ (2+3x?)

(5 + X4) 3/2
Optimal (type 4, 196 leaves, 5steps):

3 (15-2x2 4
x3 x>_lxm+9xv5+x )

18V/5:x4 5 2 (V5 +x2)
9 s5l/4 (\/?erz) mEllipticE[ZAr‘cTan[S:J, i]
+
245+ x4

(2495 ) (V5 +x?] | —2°— EllipticF[2ArcTan[ %
(\/?+x2) 51/4
4 51445
Result (type 4, 85leaves):

5x (2+3x? 1/4
L —M-% (-1)%* 54 EllipticE[i ArcSinh| (-1] x], -1] +
1o V5 +x4 5
1/4
(-5)1/4 (45 i —2\/?) E1lipticF[i ArcSinh| (-3] x], _1]]
5

Problem 51: Result unnecessarily involves imaginary or complex numbers.

dx

sz (2+3x2)

<5+X4)3/2

Optimal (type 4, 177 leaves, 4 steps):
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(\/?+x2) —2C — EllipticE[2ArcTan[ -], %]
x (15-2x%)  x+/5.x Vs ) R
_ - + B
10V5+x* 5 (\/?+x2) 53/4+/5 ¢ x
(2,3ﬁ) (\E+x2) (giz)z EllipticF[ZArcTan[sﬁ], >

4 . 53445 4 x4
Result (type 4, 85leaves):

-15+2x? 1/4
L um (-1)**sY/4EllipticE[i ArcSinh| (_1] x|, -1] -
10 V5 + x? 5
1/4
(-5)1/4 (2j+3ﬁ) EllipticF[i ArcSinh| [71] x], 1])
5

Problem 52: Result unnecessarily involves imaginary or complex numbers.
2+ 3x?
ji dx
(5 + X4) 3/2
Optimal (type 4, 180leaves, 4 steps):

3 (\/?+x2) — St EllipticE[ZAr‘cTan{si(T], %]

\/57+X2)

X (2+3x%)  3x+/54x
- +
10/5+x* 10 (\/?erz) 2 5345, x4

5+x* . . X 1
(2-3V5) (V5 +x) /m EllipticF[2ArcTan[ > ], 2]
20 5Y44/5 X%
Result (type 4, 86 leaves):

5x (2+3% v
1 M+15 (-1)45Y4 E1lipticE i Ar‘cSinh[(—l) x|, -1] -
50 | 5. x* >
1/4
(-5)Y4 (15 +2+/5 | ELlipticF[i ArcSinh| (73] x], -1]
5

Problem 53: Result unnecessarily involves imaginary or complex numbers.
2+3x?
Ji dx
x2 (5+x4)3/2

Optimal (type 4, 196 leaves, 5 steps):
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3 (\/?+x2) —5ad EllipticE[2ArcTan| -], i]

2 +3x? 345+ x4 3x/5+x4 V52 >

_ + -
10xV5x* 25 25 (V5 42

5 53/44/5 4 x4

2+ﬁ) (\E+xz) /W;x«z)z ELLipticF [2ArcTan[ ], 2]
+X !

20 5%/%+/5+ x4

Result (type 4, 108 leaves):
1

3

50 x V5 + x*

1/4
3 (=54 (~28 /5 ) x5 EllipticF[jAr‘cSinh[(—l) x|, 1]]
5

1/4
20-15x?+6x*+6 (-1)¥* 514 %[5+ x4 EllipticE[iAr‘cSinh[[—l] x|, -1] +
5

Problem 54: Result unnecessarily involves imaginary or complex numbers.
2 +3x?
Ji dx
x4 (5+x4)3/2

Optimal (type 4, 214 leaves, 6 steps):

2 +3x2 V5ext 94/5 4 x4 9x/5+x*
- - +
10x3\/5+ x4 15% 56 x 50 (/5 +x?)

9 (ﬁwz) ﬁ EllipticE[zArcTan[sﬁ}, 7]
.
10 534/5 4 x*
(2772\/?) (\/?+x2) (f;ix;y EllipticF[ZAr‘cTan[sﬁ], 1]

60  53/44/5 4+ x4

Result (type 4, 119leaves):
1

150 x3 V5 + x*
(20 +90x2 +10 x* + 27 x® + 27 (-1)>* 514 %3 \[5+ x* EllipticE[i ArcSinh| (

1/4
(-5)V4 (271425 | X2 4[54x EllipticF[jArcSinh[( 1] x|, -1})

R

5

Problem 56: Result more than twice size of optimal antiderivative.

st (d+ex2) <1+2x2+x4)5d1x

Optimal (type 1, 63 leaves, 4 steps):
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Ziz (d-e) (1+x2)1l—i (2d-3e) (1&)%% (d-3e) (1+x2)13+ie (1452)

Result (type 1, 153 leaves):

6
dx + = (10d+e) X8+1 (9d+2e> Xm+E (8d+3e> X12+E <7d+4e) X14+E (6d+5e> x16 4+
6 8 2 4 7 8
28
Z(5d+6e) X18+2(4d+7e) x2°+E(3d+8e) X22+i(2d+9e) X24+L<d+10e) X26+ex
3 2 22 24 26 28
Problem 58: Result more than twice size of optimal antiderivative.
sz’ (d+ex?) <1+2x2+x4)5d1x
Optimal (type 1, 45leaves, 4 steps):
1 1 1
= (d- 1 2\ 11 ~ (d-2 1 2\ 12 - 1 2\13
22( e>(+x>+24< e) (1+x%) +26e(+x)
Result (type 1, 151 leaves):
d x* 5 3 5
+ = (10d+e) x8+ = (9d+2e> x84+ = (8d+3e> x4 = (7d+4e) x4+ 3 (6d+5e> x4
4 6 8 2 2
26
E<5d+6e) X16+E<4d+7e) X18+2(3d+8e) Xze+i(2d+9e> X22+L<d+10e) X24+ex
8 3 4 22 24 26
Problem 60: Result more than twice size of optimal antiderivative.
Jx (d+ex?) (1+2x2+x4>5d1x
Optimal (type 1, 29leaves, 4 steps):
1 1
= (d- 1 2\1 = 1 2\ 12
22( e) (1+x%) +24e<+x)
Result (type 1, 149leaves):
2
dx +—<10d+e) X4+E(9d+2e> X6+E(8d+3e) X8+3(7d+4e) x1°+z(6d+5e) x12 4
2 4 6 8 2
24
3 <5d+6e) X14+E (4d+7e) X16+E (3d+8e) X18+1 (2d+9e) X29+L (d+16e> x22 + ex
8 6 4 22 24

Problem 66: Result more than twice size of optimal antiderivative.

st (1+x2> (1+2x2+x4)5d1x

Optimal (type 1, 34 leaves, 4 steps):

1 1 1

1) Pl S (1 ex) B T (e
24 (1+7) 13 (1+7) 28 (1+x7)
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Result (type 1, 85leaves):

x®  11x® 11x 55x12 165xM 231x16 77x¥® 33x2® 15x22 55x24 11x%6 x28
— + + + + + + + + + + + —

6 8 2 4 7 8 3 2 2 24 26 28

Problem 68: Result more than twice size of optimal antiderivative.

Jx3 (1+x2> (1+2x2+x4>5d1x

Optimal (type 1, 23 leaves, 4 steps):

—L(1+X2 +l(1+x2

) 12
24 26

)13

Result (type 1, 83 leaves):

x4 11x® 55x8 33x%® 55x12 231x1% 55x¥® 33x% 5x22 11x** x*
- +

+ + + +33x1 4 + + + + + —

4 6 8 2 2 8 3 4 2 24 26

Problem 151: Result unnecessarily involves imaginary or complex numbers.
JX“ (2+43x%) 4/3+5x%+x* dx
Optimal (type 4, 322 leaves, 6 steps):

1924x (54713 + 232 g3 — 2% —
- + — X\/3+5X +X" - — X7/3+5x°+Xx" +
105+/3 + 5 x2 + x4 3 35

L a1e70)[3e5x o x* 1 [oe2 |2 (5413
3

21

6+(5—\/H) x2
6+(5+\/§) x2

6+ (5+/13) x?) ELLipticE [ArcTan] §(5+\/H) x],i(-13+5m)}/

(105x/3+5xz+x4 - |13 o (5 VE] 2 6+ (5+V13 7] x?)
E1lipticF [ArcTan| §(5+\/§) x},%(—13+5\/§)] /( 6 (5+V13 ) \3+5x2x*

Result (type 4, 237 leaves):
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-5++/13 -2x?
2730 x + 4082 x> + 460 X° + 604 X’ + 460 x° + 70 X' - 1924 1 /2 (5+\/13)\/+

-5+4/13
2 19 513
\/5++/13 +2x* EllipticE[i ArcSinh|[ | ——— x|, —+

-5++/13 -2x2
1311\5(635+148\/13)J+

5++/13 +2x2
-5++13
2 19 5+/13
EllipticF[i ArcSinh| |

— X ] /[210\/3+5x2+x4
5+4/13 6 6

Problem 152: Result unnecessarily involves imaginary or complex numbers

sz (2+3x2) A/3+5x%+x* dx

Optimal (type 4, 305leaves, 5steps):
1247x (54413 +2x2) 4

1
= XA/3+5x2+x* + — %3 (29+15x2) A/3+5x% x4 -
210/3 +5x2 + x4 3

35

EllipticE [Ar‘cTan [

§(5+m) x},é(—13+5\/§)] /(210\/3+5X2+X4

1 2 6+(5—\/13)X2
2 (6+ (5+\/13 ) XZ)
V3i5x2ixA 3(5+m) 6+(5+\/13)X2

EllipticF[ArcTan| : (5+\/13) x|,
6

+

|

(-13+513 ]

Result (type 4, 234 leaves):
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-5++/13 -2x2
4x (-420-439x% + 430 x* +312x° + 45 x8) + 1247 1 /2 (75+\/§) c2rNS TR
-5.:4/13

2 19 5413
J5eVI3 c232 EllipticE[i ArcSinh| | ——— x|, =+ ] -
5+4/13 6 6

-5+4/13 -2x?
]'l\/?(5395+1247\/13)\/+ 5++/13 +2x2
_54++/13

2 19 5+/13
EllipticF[i ArcSinh| | ———— x|, =+ ] /[420\/3+5x2+x4

5+4/13 6 6

Problem 153: Result unnecessarily involves imaginary or complex numbers.
J(2+3x2) \/3+5x%+x* dx

Optimal (type 4, 279 leaves, 4 steps):
23x (54413 +22) 4

+ — X (25+9X2) A/3+5x%+x* +
15+/3 +5x2 + x4 15

! 23 1(5+V§) 6+ [s-V13)
153 +5x2+ x4 6 6+(5+m)x2

6+ (5+/13 ) x?] E1lipticE [ArcTan|

|

(5+V§) x],é(—13+5\/§)}+

6+(5—\/§) NG
6+<5+\/§) x2

(6 (5413 ] x|

EllipticF [Ar‘cTan [

(5+\/§) X},

[ N
| =

(-13+5/13 )] /( 6(5+V13 ) \/345x24x?

Result (type 4, 229 leaves):
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1
30V3+5x%+x4

~5+4/13 —2x?
2x(75+152x2+70x4+9x6>—231’1\/?(—5+\/13)\/+ V513 + 2%

-5++v13
2 19 5413
EllipticE[i ArcSinh| | ——— x|, =« J+iv2 (-130+23V13
5+4/13 6 6
-5+4/13 -2x? 2 19 5413
2SR 2% \[54+4/13 +2x® EllipticF[i ArcSinh| | ——— x|, —+
-5+4/13

Problem 154: Result unnecessarily involves imaginary or complex numbers
J(2+3x2) V3+5x2+ x4

x2

dx

Optimal (type 4, 284 leaves, 4 steps):
9x (5+\/13 +2x2)

(2-%) V3 i5xT 1

2355 x x
L 3 (s3] 6 [s-v1) @ (6 (5+v13) <]
3:5x2+x° 2 6+ [5+ 13)x2

E1lipticE [ArcTan | §(5+v§) x|, é (-13+5+13 )] +
1 . 2 6+ (5-V13 ) % 6+ (s AT ]
V352 ax® 43 (5+V13] |\ 6+ (54713 )

EllipticF [ArcTan : 5+4/13 | x|, -13+5+/13
[arctan] | | |

| =

Result (type 4, 231 leaves):
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1
4x+/3+5x%+x*
“54++/13 -2 x2
4(—6—7x2+3x4+x6>+91’1\/7(—5+\/13)x 2N TR 513 s2x2
-5++13
2 19 5+/13
EllipticE[i ArcSinh[ | ——— x], —+ J-iv2 (-13+9V13 ) x

5+4/13 6 6

-5+4/13 -2x%? 2 19 5+/13
A R 54413 + 2% EllipticF[i ArcSinh| | ——— x|, T+ ]
-5++/13 5++/13 6 6

Problem 155: Result unnecessarily involves imaginary or complex numbers.
J(2+3x2) V3+5x2+ x4

4

dx
X

Optimal (type 4, 305 leaves, 5 steps):
32x (5+4/13 +2%) 4 /3i5x2xd (2-9%) V315Xt
9+/3+5x%+x* 9x 3x3

3(5+\/ﬁ) 6+(57\/§)X2
3 6+(5+\/H)X2

1

— 16
9+/3+5x%+x4

(6 n (5 + \/H) xz) EllipticE [ArcTan [

|

5+\/§) x|, (—13+5V§)}+

1
6

6+(57\/§) X2
6+(5+\/F) x2

49

(64 (5413 ) €]

EllipticF [Ar‘cTan [

(5+13) x},é(flwsm)] /(3 [6 (54713 ) /345x7+x*

[N

Result (type 4, 237 leaves):
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-5++/13 -2 x2
—2(18+141x2+191x4+37x6)+32]'1\/?(—5+\/13)x3 2rVe TR
_54+4/13

2 19 5413
J5eVI3 c232 EllipticE[i ArcSinh| | ——— x|, =+ ] -
5+4/13 6 6

-5++/13 -2 x2
jlﬁ(13+32\/13)x3J+ 5++/13 +2 X2
_54++/13

2 19 5+13
2y, B2
5+4/13 6 6

18 x3/3+5x%+x*

EllipticF|i ArcSinh|

Problem 163: Result unnecessarily involves imaginary or complex numbers.

JX“ (2+3%%) <3+5x2+x4)3/2d1x
Optimal (type 4, 356 leaves, 7 steps):

176723 x (54413 +2x2| 4210 1251 .
S f3esxtaxt s T 35X -

4290/3 +5x2 + x4 429 715
Lx5 (283 + 272 x2) m+ ix5 (71+33x2) (3+5x%+x*)2 -
429 143

1 6+(5—\/13>x2
176723 | = (5+/13 | (64 (5413 | 2
6

6+(5+\/§) x2

+

EllipticE[ArcTan|

Q|

(5+\/§) X},

| =

(-13+513 ] /(429@\/3+5X2+X4

2105 - oo Vi) 6+ [5+713 ) x|
3(5+\/§) 6+(5+\/§)X2
E1lipticF [ArcTan | §(5+@) x},é(—l?wSx/ﬁ)] /(143\/3+5x2+x4

Result (type 4, 249 leaves):
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1

8580 /3 + 5x2 + x4

4 x (-63 150 - 93991 x? + 3055 x* + 29003 x® + 39650 x® + 24635 x1° + 6015 x*2 + 495 x14) +

-5++/13 - 2x?
1767232 (-5+3/13 | | " 54413 42
-5++13
2 19 5413
EllipticE[i ArcSinh[ | ——— x|, —+ | -iv2 (-757315+176723/13 )

5+4/13 6 6

S544/13 -2 19 513
2P E2 228 544/13 +2x? EllipticF[i ArcSinh| , ]
-5++/13 6 6

Problem 164: Result unnecessarily involves imaginary or complex numbers.

JXZ (2+3x2) <3+5x2+x4)3/2d1x

Optimal (type 4, 331 leaves, 6 steps):

49949 5+ V13 + 22| 353
- + ——x~/3+5x%+x* -

34653+ 5x2 + x4 29
x3 (911+890x2) V3+5x%x2+x4 1

+—x? (67 +27X%) (3+5x%+x%)
1155 99

3/2
+

EllipticE [Ar‘cTan [

|-

(5+V13) x},é(—13+5\/§)] /(3465x/3+5x2+x4

6+(5—\/§) NG
6+(5+\/§) x2

353

(6 + (5 + \/ﬁ) xz) EllipticF[ArcTan|

(5+\/§) X},

1
6

i(-13+5m)} /[33 6(5+\/§) J3+5x2 x4

Result (type 4, 244 leaves):

| 19
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1

2x (37065+74681 x% + 69535 x* + 84962 x® + 50075 x& + 11795 x*° + 945 x12) -
6930 /3 + 5x2 + x4

S54++/13 -2 x2
49949]’1\/?(—5+x/13) T2rNEE 2eX s 13 22
-5++/13
2 19 5+/13
EllipticE[i ArcSinh[ | ——— x|, —+ | +iv2 (-212680+ 4994913 |

5+4/13 6 6

-5++/13 -2 x? 2 19 5+/13
TN 7L 513 s 2% EllipticF[i ArcSinh| | ——— x|, =+ ]
~5++/13 5+4/13 6 6

Problem 165: Result unnecessarily involves imaginary or complex numbers.

J(2+3x2) (3+5x2+x4)3/2d1x

Optimal (type 4, 308 leaves, 5steps):

203x (5413 +2x2| 4
- x (5+12X%) /3 +5x7+x* +

303 +5x%+x* 15

6+ (5-/13 ) x?
Lx(300) (345x24x)¥2 ! 203 1(5+\/§) | )
3 30V/3+5x2+ x* 6 6+ (5+V13 ] x2

(5+4/13) x), = [-13-5V13 )]+

1 2 6+(5—\/13)X2
5 (6+ (5+\/13 ) XZ)
V3i5x24xA 3(5“/13) 6+(5+\/13)x2

(-13+513 ]

(6+ (5 + \/ﬁ) xz) EllipticE[ArcTan|

Q| =

EllipticF[ArcTan| : (5+\/13) x|,
6

[ R

Result (type 4, 239 leaves):



Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)™"m (d+e x~"2)~q (a+b x"2+c x~4)~p.nb | 21

1

60V3+5x%+xt
-5+4/13 -2x?

4x (120 + 434 %2 + 550 x* + 293 x° + 65 x5 + 5x1°) + 2031 V2 (-5+\/13 )
-5++13

2 E+5‘13]7]1\/?(77154@3\/13)

\/5++/13 +2x* EllipticE|i ArcSinh| | ——— x],
5+4/13 6 6
-5+/13 - 2x?
2SR 2% \[54+4/13 +2x® EllipticF[i ArcSinh| | ——— x|, —+
5+1/13 6 6

-5++/13

Problem 166: Result unnecessarily involves imaginary or complex numbers.

2 2 4\3/2
J(2+3x) (3+5x +x) ax
X2

Optimal (type 4, 312leaves, 5steps):

a12x (54413 +2x2) 4
+ X (655+129x%) /3 +5 x>+ x* -
353 +5x2+ x4 35

(14-3x) (3+5x24x4)*? 1 ros 3(5+m) 6+(57\/§)X2
7X 35+/3+5x%+x* 3 6+(5+\/§)X2

6+ (5+/13 ) x*] E1lipticE [ArcTan| 1(5+\/§) x],l(-13+5vﬁ)}+

6 6

! 19 3 6+(5_m)xz (6+(5+\/§)x2)

V3i5x2+ x4 2(5+\/§) 6+(5+ 13)x2

1(—13+5V§)}

6

EllipticF[ArcTan| | = (5413 x],
6

Result (type 4, 235leaves):
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-5++/13 -2 x2
—1260+3884x4+2130x6+418x8+30x19+4121‘1\/?(—5+x/13)x R e b
_54+4/13

\/5+/13 +2x* EllipticE[i ArcSinh| 2 x|, 19 2Vi3 | -

-5++/13 -2 x2
jﬁ(65+412\/13)x\/+ 544/13 +2x2
_5.+/13

70 x+/3+5x%+x*

EllipticF|i ArcSinh|

2 19 5+/13
— x|, —+ ] /
5+4/13 6 6

Problem 167: Result unnecessarily involves imaginary or complex numbers.

dx

J<2+3X2) <3+5X2+X4)3/2
a

X
Optimal (type 4, 314 leaves, 5steps):
949x (5+4/13 + 2% 13 (24 -5x) V35X + 5

30355 15 x

10 - 9x2) (3 +5x2+x4)3? 6+ (5-+13 | x2

( ) (3e5xEex) T ! 949 l(5+V§) ( )
15 %3 303 +5x2+ x4 6 6+(5+x/13)x2

(6 + (5 + \/E) xz) EllipticE [ArcTan]

|

(5+\/§) X],

1 . 2 6+(57v§)x2 (6+(5+@)x2)
V3 +5x2+ x4 3(5+\/§> 6+(5+\/§)X2

(5+\/§) X},

EllipticF [ArcTan [

(_13+5\/H)}

| =

1
6

Result (type 4, 247 leaves):
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4 (-90 - 1155 x? - 1405 x* + 192 x® + 145 x® + 9 x™°) + 949 i /2 (75“/13 ) X3

54413 —2%2 2 19 513
J+—X 5413 + 2% Elliptice[iArcsinh| | ——— x], — - ] -

-51+/13 5.4+/13 6 6
~5:+/13 —2x2
131'1\/?(—65+73x/13)x3 2N meX s 13 22
-5++13
2 19 5-/13
EllipticF[i ArcSinh|[ | ———— x|, —+ ] / 60x3\/3+5x2+x4)
5+4/13 6 6

Problem 168: Result unnecessarily involves imaginary or complex numbers.

2+3x%) (3+5x%+x4)3?
J(+x)(+x+x) i

x6

Optimal (type 4, 331 leaves, 6 steps):
361x(5+\/13 +2x2) 72237 5x X (40-87x2) V3155 xt
15/3+5x% + x4 15x 5%

(2—5x2) <3+5x2+x4)3/2 1

5 x> 15/3+5x2 1 x4

1
361 | = (5+x/13 )
6

(6 n (5 + \/H) xz) EllipticE [ArcTan [

|
Ui
+
=
w
x
-

EllipticF [Ar‘cTan [

|

5+\/§) X},

1
6

(713+5\/§)] /( 6(5+\/§) A/3+5x%x%+x*

Result (type 4, 244 leaves):
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-5++/13 -2x?
~108 - 810 x? - 3438 x* — 4040 x® - 634 x® + 30 x%® + 361 1 /2 (—5+\/13>x5 TorNES meR
_54++/13

\/5+/13 +2x* EllipticE[i ArcSinh| 2 x|, ERAL | -

-5++/13 -2 x2
jﬁ(—260+361\/13)x5 TN T2 513 22X
_54++/13
2 19 5+/13
EllipticF[i ArcSinh| | ———— x|, =+ ]/30X5\/3+5X2+X4
5+4/13 6 6

Problem 176: Result unnecessarily involves imaginary or complex numbers.

dx

x* (A+Bx?)
Jm
Optimal (type 4, 403 leaves, 5steps):

(4bB-5Ac)xVa+bx?+cx*

- +

15 c?
Bx3Va+bx2+cxt (SbZB—leAbc—Qch) xva+bx?+cx?
N _
5c 15 ¢5/2 (\/?+\/?x2)

a+bx?+cx?

a'/* (8b?B-10Abc-9aBc) (\/?H/c_xz)
(\/a_+\/?xz>2

1/4

EllipticE[2ArcTan| +

2- ﬁ]] / [15 c”/“m

1
al/4 ]’ Z

2 4
a* (8b?B-10Abc-9aBc+a Ve (4bB-5Ac)| [Va +V/c x 2rbxirexd

(\/a +Vc x2)2
C1/4 1 b
EllipticF[2ArcTan| X y = [2- ———|] /[30c”/4xla+bx2+cx4
gl/4 4 s

Result (type 4, 532 leaves):
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1
60c> | ——— “Ja+bx?+cx?
b+v/b%-4ac

C

4c |———— x(-4bB+5Ac+3Bcx®) (a+bx*+cx*) +i (8b°B-10Abc-9aBc)
b++vb%2-4ac
( b \/bZT) b+vVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
-b+ -4ac
b+vVb%2-4ac b-+/b2-4ac
C b+vb?-4ac
EllipticE[i ArcSinh[v2 |[————— x|, — ] -
b+vVb2-4ac b-+b2-4ac

i (—8b3B+bc (17aB—10A\/b2—4ac ] +2b? (5Ac+4B«/b2—4ac ) -

b+Vb2-4ac +2cx? 2b-2+b%2-4ac +4cx?

ac [10Ac+98 b’2-4ac )J

b+vVb>-4ac b-+vb>-4ac
C b+vb%2-4ac
EllipticF[i ArcSinh[v2 |—————— x|, — ]
b+vVb2-4ac b-+b2-4ac

Problem 177: Result unnecessarily involves imaginary or complex numbers.

dx

J x2 (A+Bx2)
Va+bx?+cx?

Optimal (type 4, 336 leaves, 4 steps):

| 25
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BxvVa+bx?+cxt (2bB- 3Ac)xx/a+bx +cx4

- +

3c 3c3/2 \/?Jr\EXZ)

1/4(2bB 3Ac) (r \/_x a+bX2+CX4
(Va +e %)

cl/4

EllipticE [2 ArcTan [

b 74 Ja+bx?+cx?
zm]]/[u \Ja+b

1
a4 7 g

a1/4(2bB+\/?B\/?—3AC) (\/a_+\/?x2) M

(\/?H/?xz)z
1/4 1 b
EllipticF[ZAr‘cTan[c X],— 2—]] /[5c7/41/a+bx2+cx4
al/a 4 \/?\/?
Result (type 4, 479 leaves):
1 c
4Bc —x(a+bx2+cx4)—
12¢2 [ VaibxZicxd b+b?-4ac
b+v/b%-4ac
Vb2-4ac +2cx? 2b-2+/b?2-4ac +4cx?
i (2bB-3Ac) [—b+ b2—4ac) ’ reex rRex
+Vb2-4ac b-+Vb%?-4ac

c b+\/b274ac]
_ x|, —— | +
b+vb2-4ac b-+vb%-4ac

b+vb2-4ac +2cx?
i (—szB+3Abc+2ch+2bB«/b2—4ac —3ACw/b2—4ac)

EllipticE[i ArcSinh[+v/2

oo dac
2b-2+vb%2-4ac +4cx? c b+vVb2-4ac
* EllipticF[j Ar‘cSinh[ﬁ X\, * ]
-Vb%2-4ac b+vVb2-4ac b-+vVb%2-4ac

Problem 178: Result unnecessarily involves imaginary or complex numbers.

A+Bx2
J e
Vva+bx?+cx?
Optimal (type 4, 283 leaves, 3 steps):
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Bx+Vva+bx?+cx?
e (\/;-%—\/?XZ)
a+bx2+cxt V4%, 1 b
al’4B (\/?+V?x2) LA SN A EllipticE[2ArcTan| , = 2—7]] /
al/4 4 \/;\/?

(Va +Ve =)

a+bx?+cx*

(Va +e %)

1/4

+ |a

[c3/4x/a+bx2+cx4

B+”?] Vo Ve ]

a

1/4

b
2 - ]] /[2c3/4xla+bx2+cx4

Va Ve

EllipticF [2 ArcTan [

1
al/s 7 g

Result (type 4, 302 leaves):
,\/b+\/b24ac +2cx? \/1 2cx?
1 e —
b

b+Vb2-4ac -Vb%2-4ac

c b+vb2-4ac
B [—b+m] EllipticE[iArcSinh[V2 | ————— x|, - |+
b+Vb2-4ac b-vVb2-4ac

(bB—ZAc—Bx/b2—4ac)

EllipticF i ArcSinh {\/7\/

)

c } b+\/b2—4ac] /
X
b+vb2-4ac b-+vb2-4ac

VvbZ-4ac

C
[Zﬁc\/— \Ja+rbx?+cx?
b+

Problem 179: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J dx
x2Va+bx?2+cxt
Optimal (type 4, 312leaves, 4 steps):
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Ava+bx2+cx* A+c xVa+bxZ+cxt
_ + _

ax a (\/;-%—\/?XZ)
2 4 1/4

Acl/4 (\/?+V?x2) _arbxfrext EllipticE[ZArcTan[c x]’ 1 Z—L]] /

(\/?+\/?x2)2 at/4 ' 4 Va ve
2 4
o far b vt | o | (Va B rave ] [Va sve ] | e
(\/;+\/?X2)2
Vay 1 b
EllipticF[ZAr‘cTan[ T ,Z ZW]] /[233/4Cl/4m

a a Vc

Result (type 4, 448 leaves):

C
-4apA | — (a+bx2+cx4>+
b+vVb%2-4ac

jA(—b+ b’2-4ac

b+vVb2-4ac +2cx? 2b-2+vb%2-4ac +4cx?
X
b+vVb2-4ac b-+/b2-4ac

b++vb%2-4
EllipticE[jAr‘cSinh[\E\/ : - 2

= oy, e
b+vVb2-4ac b-+/b2-4ac

i (2aB+A[—b+x/b2—4ac

\/b+\/b24ac +2cx? \/2b2\/b24ac +4 c x?
X

b+vVbZ-4ac b-vVb2-4ac
C b++b%>-4ac
EllipticF[iArcSinh[V2 | ———— x], +—]/
b+rvVb2-4ac b-+Vb*-4ac

C [
4a E—— 4 a-%—sz-%-CX4
b+

Problem 180: Result unnecessarily involves imaginary or complex numbers.

A +Bx?
J dx
x*Va+bx?+cx?
Optimal (type 4, 376 leaves, 5 steps):
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Ava+bx?+cxt <2Ab—3aB)\/a+bx2+cx4
- +
3ax3 3aZx

2Ab-3aB b x?2 4 2 4
( a )\EX\/aJr X2 + C X . (2Ab—3aB)c1/4(\/?+\/?X2) a+bx?+cx
3a2 (\/;Jr\/?xz) (\/?+\/?x2)2

cl/4

EllipticE [2 ArcTan [

1
a4 7 g

2\/;/?]] /[3a7/4\/m

2ab-3a8B+/a A |V (Va +V/c x| (abXZCX“)Z
Va +Vc x?

/4«
EllipticF[2ArcTan|

zﬁ]] /[6a7/4\/m

1
al/4 ]’ 4
Result (type 4, 373 leaves):

4 (a+bx2+cx4) (—2Abx2+a <A+3Bx2))

3

+
X

1 b+vVb2-4ac +2cx? 2cx?
. N A : 1.2
c b++vb%>-4ac b-+vVb%2-4ac
b+v/b%-4ac

-(2Ab-3aB) (—b+\/b2—4ac ] EllipticE[jArcSinh[\/T\/c x|,

b++b%>-4ac

b+vb2-4ac
b-+vb%*-4ac

]+ (3aB (b—x/b2—4ac ) +2A(—b2+ac+bx/b2—4ac )J EllipticF|

X
b+Vb2-4ac b-+b2-4ac

b+vb2-4
J'lAr‘cSinh[\/?\/ ¢ }, * ac]] /[12a2xla+bx2+cx4

Problem 189: Result unnecessarily involves imaginary or complex numbers.

x4 (2+3x2)
J—dlx
V3+5x%+xt

Optimal (type 4, 298 leaves, 5 steps):

| 29
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419x (54713 +2x2) 19 3
S X345 Xt X335 X%+ X -
303 +5x2+ x4 3 5

13)

\ =

5+

o))

30V 3+ 5X2+X4

13)

6+ (5+V/13 ) x*| EllipticE [ArcTan| §(5+\/H) x],é(-13+sm)}+
5 V13 ) %@ )
V3 5x2+x4 3 (5413 +V13 ) % o+ (5+/12) )

1(-13+5v§)}

EllipticF[ArcTan| 1 (5+\/13) x|,
6

(o))

Result (type 4, 229 leaves):

1
60V3+5x2+x4
S54+4/13 -2 x2
4x(—156—223x2—5x4+9x6)+4191'L\/?(—5+\/13) T2rNEE 2 s 13 2%
-5++/13
2 19 5+/13
EllipticE [i ArcSinh[ | ——— x], —+ ] -iv2 (-1795+ 41913

5+4/13 6 6

-5+4/13 -2x? 2 19 5+/13
\/+— \/5++/13 +2x* EllipticF[iArcSinh| | ——— x|, —+ ]
-5

+413 5++13 6 6

Problem 190: Result unnecessarily involves imaginary or complex numbers.

x2 (2+3x2)
J—dlx
V3+5x%+xt

Optimal (type 4, 270 leaves, 4 steps):
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4X(5+\/§+2X2>

+X\/3+5X2+X4+;2 %(5+\/§> 6+(5_\/§)X2
V3+5x%+xt V3+5x%+xt 3 6+(5+\/§)X2
6+ (5+/13 ) x?) ELLipticE [ArcTan] é(sﬂ/ﬁ) x|, g (-13+513 )] -

1 3 6+(57\/§)X2 (6+<5+\/§)X2)
V3+5x%+xt 2(5+\/§) 6+(5+\/§)X2

EllipticF[ArcTan| E (5+\/13) x|,
6

(-13+513 ]

| =

Result (type 4, 222 leaves):

1 ~5+4/13 -2%?
——2x (345 x) —4iV2 (-54VI3) | T 513 42
2/3+5x2+x4 -5++13
2 19 513
EllipticE[i ArcSinh| | ——— x|, =« | +iv2 (-17+4+/13)
5+4/13 6 6
~5+/13 -2x? 2 19 5413
2SR 2% \[544/13 + 2% EllipticF[i ArcSinh| | ——— x|, — -
~5++/13

Problem 191: Result unnecessarily involves imaginary or complex numbers.
J 2+3x2
—  dX
V3+5x%+x*

Optimal (type 4, 257 leaves, 3 steps):
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3x (5413 +2x) 1
23 +5x%x%+x* 23 +5x%x%+x*

2 (5413 |
2

2 ipti rcTan 1 + X
6+ (5+/13 ) x2) EllipticE[ArcTan| 6(5 V13| x|,

1 2 6+(57\/§)X2 (6+(5+\/§)X2)
V3+5x%+xt 3(5+\/§) 6+(5+\/§)X2

EllipticF[ArcTan| i (5+\/13 ) x|, % (—13+5\/13 )}

Result (type 4, 159 leaves):

. -5+413 -2x?
j |22V mer
-5++13

3 (-5+ /13 ) E11ipticE i ArcSinh| k. 55] X
54++/13 6 6

(11-3+/13 ) EllipticF[i ArcSinh| 2y, 82 13]] /[2\/7x/3+5x2+x4

5++/13 +2x?

5+14/13 6 6

Problem 192: Result unnecessarily involves imaginary or complex numbers.

J 2+3x2 dx
x2/3+5x%+x4
Optimal (type 4, 278 leaves, 4 steps):
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x(5+V13 +22¢] S /375x2 1 L 6+ (5-V13 ] X2
3/3+5x%+x4 . 3x 73\/3+5X2+X4 6( ' ) 6+(5+\/§)X2
6+ (5++/13 | x?| E1lipticE [ArcTan 1 5++/13 | x|, : ~13+5~/13 || +
[arctan] | ], 2 |
1 3 6+(5*\/§)X2

(6+(5+\/§) X2)
V3+5x%+xt 2(5+\/§) 6+(5+\/§)X2

EllipticF[ArcTan| i (5+\/13 ) x|, % (—13+5\/13 )}

Result (type 4, 224 leaves):

1 _54++/13 -2 %2
—4(3+5X2+x4)+i\/?(—5+\/13)x 2ENS AR
6XV3+5x2+x4 -5+4/13

5+ +/13 + 2% Elliptice[i Arcsinh| | ——— x|, =22 5 (4+4/13) x
5+4/13 6 6

-5++/13 -2x? 2 19 5+/13
2SR 2% \[544/13 + 2% EllipticF[i ArcSinh| | ——— x|, — - ]
-5+4/13 5+1/13 6 6

Problem 193: Result unnecessarily involves imaginary or complex numbers.

J 2+3x2 dx
x*/3+5x%+x*
Optimal (type 4, 302 leaves, 5steps):



34 | Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)~"m (d+e x~2)~q (a+b x"2+c x~4)~p.nb

7X(5+V13+2X2) 23 +5x%x%+x4 7\/3+5X2+X4

54~/3+5x2+ x4 x> 27 X
1 V13 ) %
- 5

54/3+ 5x2+x4 6 13)

(6+ (5 + \/H) xz) EllipticE [ArcTan|

Q| =

(5+4/13) x), = [-13-5V13 )] -

5 6+ (5-V13 ) %

(6+(5+\/§) XZ)
9v/3+5x2+x4 3(5+m) 6+(5+\/§)x2

EllipticF[ArcTan| i (5+\/H) x|, 1 (—13+5\/§)}

(o))

Result (type 4, 237 leaves):

-5++/13 -2 x2
—4(18+51x2+41x4+7x6)+7Ji\/7(—5+\/13)x3 2N meR
-5++/13

2 19 513
\/5+4/13 +2x? EllipticE[i ArcSinh|[ | ———— x|, —+ ] -

-5++/13 -2x?
11\/7(-47+7x/13)x3\/+— 513 +2x2
-5++v13

2 19 513
EllipticF[i ArcSinh|[ | ——— x|, —+ ] /[1@8x3x/3+5x2+x4
5++/13 6 6

Problem 199: Result unnecessarily involves imaginary or complex numbers.
J x* (2+3x?) ix
(3+5X2+X4>3/2

Optimal (type 4, 307 leaves, 5 steps):
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43 x (5+\/13 +2x2) X3 (g+11X2> 11
+ - xA/345 X%+ xt -
13/3+5x% + x* 13V/3+5x2+x4 13

6+(5—\/§) NG
6+(5+\/§) x2

1 1
43 7(5“/13)
133 +5x2+ x4 6

(6+ (5 + \/H) xz) EllipticE[ArcTan|

1 3 6+(5—\/§)X2
11 (6+(5+m)x2)
13/3+5x2+ x4 2(5+m) 6+(5+m)x2

EllipticF[ArcTan| i (5+\/H) x|, 1 (—13+5\/§)}

Q| =

(5+4/13) x], = [-13-5V13 ]+

(o))

Result (type 4, 219leaves):

1 -5+4/13 -2x2
2% (3344752) + 4312 (-5+/13 | T2 VR 2t X 513 s2x?
263 +5x%+x* -5++/13
2 19 513
EllipticE[i ArcSinh[ | ——— x], —+ J-iv2 (-182+4313

5++/13 6 6

-5++/13 -2x? 2 19 5+/13
IR S8 54413 + 2% EllipticF[i ArcSinh|[ | ——— x|, T+ ]
-5+4/13 5+1/13 6 6

Problem 200: Result unnecessarily involves imaginary or complex numbers.

x2 (2 +3 xz)
dx
J( 3/2

3+5X2+X4>

Optimal (type 4, 286 leaves, 4 steps):
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11x(5+\/13+2x2) x (8+11x) 1 1
+ + 11 | —
263 +5x2+ x4 13vV3+5x2+x*  26/3+5x2+x* 6

(6 + (5 + \/ﬁ) xz) EllipticE[ArcTan|

|

(5+v13) x], = (-13+5+13 )] -

1
6

1 4 2 6+( 7\/§)X2 (6+(5+\/§)X2>
13V/3+5x2+x* 3(5+\/§) 6+(5+\/H)x2

EllipticF[ArcTan| E (5+\/13) x|,
6

v

(-13+513 ]

| =

Result (type 4, 219leaves):

1 “54++/13 -2 x2
4x(8+11x2)—111i\/7(—5+\/13) TN TR 513 s2x2
523 +5x2+ x4 -5++13
2 19 5+/13
EllipticE[i ArcSinh| | ——— x|, =« J+iv2 (-39+11V13)
5+4/13 6 6

-5++/13 -2x? 2 19 5+/13
2SR 2% \[544/13 + 2% EllipticF[i ArcSinh| | ——— x|, — - ]
-5+4/13 5+1/13 6 6

Problem 201: Result unnecessarily involves imaginary or complex numbers.
J 2+3x2
dx
(3+5x2+x4)%?

Optimal (type 4, 282 leaves, 4 steps):
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4x (5+13 +2x? 74 8x2 6+ (5-+/13 | x?
( ) - x (7+8x%) - 1 5 2 (5+\/§) ( )
393 +5x7+x*  39v/345x7+xt  39V345x24xt |\ 3 6+ (5+V13 ] x2

6+ (5+/13 ) x*| E1lipticE [ArcTan| : (5+13) x], : (-13+5+13 )]«
6 6
6+ (5-V13 ] %2 1
11 6+ [5+/13 | x*| EllipticF [ArcTan[ | = (54713 ) x],
6+(5+\/13)x2 6
l(-13+5x/13)} /[13 6 (5+V13 ) \/3+5x2x*
6
Result (type 4, 219leaves):
_ A/ _ 2
! ~2x (748x%) +4iV2 (-54/13) 22N 22X o 13 a2
78 V3 +5x2+ x4 -5++13
Elliptick [ Arcsinh| | ——— x|, = 22 57 (13+4+13 )
s.yi3 6 6
_ A/ _ 2 A/
22V 22X s 13 c2x EllipticF[i ArcSinh] 2 x|, ENEAL ]
-5+4/13 5+1/13 6 6

Problem 202: Result unnecessarily involves imaginary or complex numbers.

2+3x2
J dx
x2 (3+5x2+x4)3/2

Optimal (type 4, 309 leaves, 5steps):
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19 x (5+\/§+2x2)

i 7+8x 19V345x X
234/3:5x2+ x4 39x/3+5x2+x* 117 x
o [Ysova] | S ETELs ae

6+(5+\/§) x2

EllipticE[ArcTan|

[N

(5413 x},%(-13+5\/§)] /(234«/3+5x2+x4

) 6+ (5-

L, BB (s o
39/3+5x2+ x4 3(5+\/§) 6+(5+\/§)X2

EllipticF [ArcTan[ | = (5++/13 ) x|, = (-13+5/13 )]

|

1
6

Result (type 4, 228 leaves):

— _ 2
4(78+119x2+19x“)+19]1ﬁ(5+¢§)X\/m

-5+4/13
2 19 5+13
5 /T3 2% Elliptice i arcsinn| | —2— ], 2. 513,

-5++/13 -2 x2
1'1\5(143+19\/13)xJ+ 544/13 +2x2
_5.+/13

2 19 5+/13
EllipticF[i ArcSinh| | ——— x|, =+ ] /[468xﬂ3+5x2+x4
5+4/13 6 6

Problem 203: Result unnecessarily involves imaginary or complex numbers.
2+ 3x?
J dx
x4 (3+5x2+x4)3/2

Optimal (type 4, 326 leaves, 6 steps):
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133x (5413 +2x) 74 8x2 5/315x22x
- - - +
10533 +5x2+x*  39x3/3+5x7+x* 351 %3
266 V3 +5x2+ x4 1 6+ (5-13 | x2
el FEC IV CROVEEY | ) 6+ (5+v13 ) %]
1053 x 6 NHE

(5413 x},%(—13+5\/§)] /(1053w/3+5x2+x4

EllipticE[ArcTan|

[N

6+(5—\/§) X2
6+(5+\/§) x2

(5+\/§) X},

Q|

5 6+ (5++13 ) x*| EllipticF[ArcTan|

351 /6(5+\/§) \J3+5x2+x4

(713+5\/§)} /

1
6

Result (type 4, 234 leaves):

-5++/13 -2x2
~468 + 1014 X + 2630 x* + 532 x® - 133 i /2 (—5+\/13)x3 T2rNES TR
-5++13

2 19 54/13
5++/13 +2x* EllipticE[i ArcSinh| | —— x|, —+ | +
54++/13 6 6

-5++/13 -2x2
j\/?(650+133\/13)x3\/+ 5++/13 +2 %2

-5++/13

2 19 513
EllipticF[i ArcSinh|[ | ——— x|, —+ ] /{2106x3w/3+5x2+x4
5+4/13 6 6

Problem 204: Result more than twice size of optimal antiderivative.
J(-Fx)”2 (d+ex?) \Ja+bx?+cx* dx

Optimal (type 6, 297 leaves, 6 steps):

| 39
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5
2d (fx)5/2x1a+bx2+cx4 AppellF1[ =, -
4

2 ¢ x? 2 ¢ x?

-4ac b+vb2-4ac

9 1 1 13 2cx? 2cx?
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2 2

4 4 b-+b2-4ac b+vVb2-4ac
3 2 cx? 2 cx?
9 f 1y —— 1+ —
-Vb%2-4ac b+vb2-4ac

Result (type 6, 2835 leaves):
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4(13bcd—7b2e+18ace)\/? 2(13cd+2be)x5/2 2

585 c? 117 ¢ 13
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2 cx? 2 c x?
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C
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2
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1 1 1 5 2 ¢ x2 2 ¢ x2
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1 1 1 5 2 cx? 2cx?
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4 2 2 4 b+Vb2-4ac -b+yb2-4ac
) 5 1 3 9 2 cx? 2 c x?
X b+ 4acJAppe11F1 — Ty Ty —y - B ]+
4> 272" 4 +Vb2-4ac -b+Vb2-4d4ac
5 3 1 9 2 ¢ x? 2 ¢ x?
[ 4ac)Appe11F1 —y T T Ty - > ] +
4’2 2 4 b+vVb2-4ac -b+b2-4ac
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(Sae (fx) 3/2( 4ac +2cx?

1 9 2 cx? 2 cx? ]/
N R -
2 2 4 b-+/b2-4ac b+Vb2-4ac

1)/

+ +—ex9/2

2 ¢ x? 2 ¢ x? ]}]]
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+
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J )
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N |
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2 ¢ x2 2 ¢ x2 ]/
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[13c(b—\/m) [b+m x(a+bx2+cx“)3/2
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9 2 ¢ x2 2 ¢ x2 ]]/
Ty~ k)

4 pi+vb2-4ac -b+Vb2-4ac
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9 3 1 13 2 cx? 2 c x?
[ -4/ b 4ac)AppellF1 = Ty T, T, - , -
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Ty T T k)
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5 1 1 9 2 ¢ x2 2 ¢ x2
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Problem 205: Result more than twice size of optimal antiderivative.
J\/fx (d+ex?) \Ja+bx?+cx* dx

Optimal (type 6, 297 leaves, 6 steps):

31 1 7 2cx? 2cx?
[2d(fX)3/2\/3+bX2+CX4 AppellFl[Z,—;,—;, 2 s - ]}/
b
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7f 1+ —————— 1+ ——m—
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Result (type 6, 1717 leaves):
1
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4 2 2 4 b+vb2-4ac -b++/b%2-4ac
31 1 7 2 ¢ x2 2 ¢ x2
7afppellFl[ =, =, =, —, - ’ B
4 2 2 4 pib2-4ac -b+b2-4ac
R 5 7 1 3 11 2cx? 2 ¢ x?
X (b+ b—4ac)AppellF1[—, —s Ty T - s ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
, 7 3 1 11 2cx 2cx
(b— b—4ac]AppellF1[—, —y Ty Ty — ) } +
4 2 2 4 b++vb2-4ac -b++/b2-4ac
363abcdx? |b-+/b>-4ac +2cx?| |b++/b>-4ac +2cx?
7 1 1 11 2 c x? 2 c x?
AppellFl[*, T T T~ ) ] /
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
7 1 1 11 2 cx? 2 cx?
11aAppellF1[*, T Ty T - > } -
4 2 2 4 p,+p -4ac -b+/b*-4ac
R 5 1 3 15 2 ¢ x2 2 ¢ x2
X (b+ b—4ac)AppellF1{*, T T T - s ] +
2 2 4 b+vb2-4ac -b++yb2-4ac
2 3 1 15 2 ¢ x2 2 ¢ x2
(b— b—4ac]Appe11F1[—, T T T s - s ] *
2 2 4 b+vb2-4ac -b++vb2-4ac
462a%cex? |b-~/b>-4ac +2cx?| |[b++/b>-4ac +2cx?
7 1 1 11 2 c x? 2 cx?
AppellFl[—, =, =, —, - s ] /
4 2 2 4 b++vb2-4ac -b++vb2-4ac
7 1 1 11 2 cx? 2cx?
11aAppe11F1[*, —y Ty, T, - > } -
4 2 2 4 b+vVb2-4ac -b++b2-4d4ac
R 2 1 3 15 2 cx? 2 cx?
X (b+ b74ac)AppellF1[*, s T T - s ] +
2 2 4 pib2-4ac -b++/b>-4dac
) 3 1 15 2 ¢ x? 2 ¢ x?
(b— b—4ac]Appe11F1[*, N s I
2 2 4 p.+/b2-4ac -b+/b*-4ac
165ab’ex? |b-+/b?2-4ac +2cx?| |[b++/b?>-4ac +2cx?

| 43
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7 1 1 11 2 ¢ x? 2 c x?
AppE1lF1{_) Ty T T s T k) ] /
4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2 ¢ x? 2 ¢ x?
—11aAppe11F1{—, —s Ty T - s ] +
4 2 2 4 b+vb2-4ac -b+vb2-4ac

15 2 cx? 2cx?
Ty ) }"’

b++b?-4ac
4 b+vVb2-4ac -b+vb%2-4ac

13
2" 2’
11 3 1 15 2cx? 2 c x?
(bfx/b274ac]AppellF1[—, T T T - s ]
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac

X2

2

11
AppellF1[—,
4

—_

Problem 206: Result more than twice size of optimal antiderivative.

j (d+ex?) Va+bx¥+cx*
m

Optimal (type 6, 295 leaves, 6 steps):

dx

1 1 1 5 2 c x? 2 ¢ x2
2d~/fx \Ja+bx?+cx* AppellFl[~, - =, - =, =, - y - ]]/
4 2 2 4 p /p2-4ac b+vb*-4ac
2 ¢ x2 2 ¢ x2
f |1+ —m——— 1y ——mm88 | +
b-+vb2-4ac b+vb2-4ac
5 1 1 9 2 ¢ x? 2 ¢ x?
2e<Fx)5/2x/a+bx2+cx4 AppellF1l[ =, - =, - =, =, - y - ]]/
4 2 2 4 p_+/b2-4ac b++/b*-4dac
5 2 c x? 2 c x?
5f 1+ 1+

b-+Vb%2-4ac b+Vb2-4ac

Result (type 6, 1717 leaves):
1

225 c2~/fx <a+bx2+cx4)3/2

x |10 ¢ (9cd+2be+5cex2) (a+bx2+cx4)2+

450 3% cd (b—\/b2—4ac +2cx?

5 ) 1 1 1 5 2 c x? 2cx?
(b+ b’-4ac +2cx?| AppellF1[~, =, =, =, - s }/
4 2 2 4 pi+b2-4ac -b+b2-4ac
1 1 1 5 2 cx? 2cx?
5aAppellfFi[~, =, =, =, - , ] -
4 2 2 4 b+Vb2-4ac -b+yb2-4ac
5 1 3 9 2 cx? 2 cx?
x? (b+x/b2—4ac)AppellF1[f, =, T T, - s +
4 2 2 4 pi+b2-4ac -b+b?>-4ac
3 5 3 1 9 2 ¢ x? 2cx?
(b— b —4ac]Appe11F1[f, -, =, =, - , -
4 2 2 4 pib2-4ac -b++vb2-4dac
25a’be |b-+/b?-4ac +2cx?| |b+r/b?>-4dac +2cx?
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1 1 1 5 2 ¢ x2 2 ¢ x?
5aAppellfFl[~, =, =, =, - > ] -
4 2 2 4 pi+b2-4ac -b+b2-4ac
R 3 5 1 3 9 2 ¢ x? 2cx?
X b+ b—4ac)AppellF1[—, —s Ty Ty~ ’ }*
4 2 2 4 pi+b2-4ac -b+b2-4ac
2 5 3 1 9 2cx? 2 c x?
(bf b—4ac]AppellF1[—, 2, =, 2, - 1]+
4 2 2 4 p,i+b2-4ac -b+b2-4ac
8labcdx? |[b-+/b>-4ac +2cx?| |[b++/b?>-4ac +2cx?
5 1 1 9 2 ¢ x? 2 ¢ x?
AppellFl[*, T T T - ’ } /
4 2 2 4 pi+b2-4ac -b+b2-4ac
5 1 1 9 2 ¢ x2 2 ¢ x2
9aAppellFl[ =, =, =, =, - ’ B
4 2 2 4 pi+p2-4ac -b+/b*-4ac
R 5 9 1 3 13 2cx? 2 ¢ x?
X (b+ b—4ac)AppellF1[—, — Ty T, = B ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
, 9 3 1 13 2cx 2cx
(b— b—4ac]AppellF1[—, —y Ty Ty — ) } +
4 2 2 4 b++vb2-4ac -b++/b2-4ac
90a2cex2(b— b2-4ac +2cx?®| |[b+/b?2-4ac +2cx?
5 1 1 9 2 cx? 2cx?
AppellFl[*, T T T~ ’ } /
4 2 2 4 b+Vb2-4ac -b++vb%2-4ac
5 1 1 9 2 cx? 2cx?
9aAppellF1[*, s T T - ) } B
4 2 2 4 pib2-4ac -b+Vb2-4dac
R 5 9 1 13 2cx? 2 ¢ x?
X (b+ b—4ac)AppellF1[*, T T T - s ] +
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
2 9 3 1 13 2 ¢ x2 2 ¢ x2
(b— b—4ac]Appe11F1[—, e e > } +
4 2 2 4 b+vb2-4ac -b++vb2-4ac

b+/b*-4ac +2cx

5 1 1 9 2 cx? 2cx?
AppellFl[—, T T T - ’ } /
4 2 2 4 b+vb2-4ac -b++b?-4ac
5 1 1 9 2cx? 2 c x?
-9aAppellFl| =, =, =, =, - B *
4 2 2 4 pi+p2-4ac -b+\Vb*-dac
9 1 3 13 2cx? 2cx?
x2 (b+\/m) AppellFl[*, T T T s~ ) ]+
4 2 2 4 b+vVb2-4ac -b+Vb2-4d4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
oo anc | ppenira(®, 2, 2, 2 , ]])
42 2 4 p.b?-4ac -b+\Vb2-4ac
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Problem 207: Result more than twice size of optimal antiderivative.
J*(d+exz) Va+bx?+cx*

(_FX>3/2

dx

Optimal (type 6, 295 leaves, 6 steps):

- 3
b-+Vb%2-4ac b+vVb2-4ac

2cx? 2cx?

S 7 1 1 1 3 2 ¢ x? 2 ¢ x?
2d+/a+bx“+cx AppellFl[——,——,——, > - } /
4 2 2 4

fFVfx 1+ —————— [1s ———— || +
b-b2_-4dac b+Vb2-4ac
3 1 1 7 2 cx? 2cx?
Je <fx>3/2mAppellFl[—, T T T Ty~ >
4° 27 24 p_b2-dac b+VbZ-dac
R 2 ¢ x2 2 ¢ x2
3F% |1+ 1+

b-+vb2-4ac b+vb2-4ac

Result (type 6, 1383 leaves):
1

147 (fx)3/2 (a+bx2+cx4)3’/2

42 (—7d+ex2) (a+bx2+cx4)2+ (343abdx2 (b—x/b2—4ac +2cx2)

X

3 1 1 7 2 ¢ x2 2 c x2
(b+m+2cx2 AppellFl[—, T T T~ )
4 2 2 4 b+m —b+\/m
3 1 1 7 2 ¢ x? 2 ¢ x?
c|7aAppellF1[~, =, =, —, - ’ ] -
42 2" 4 p,b’-daac -b+vVb?-dac
7 1 3 11 2cx? 2cx?
2 b4+\/gzt:;;z_)AppellFl[‘u =, = = - ;
4" 2 2 4 b+vVbi-4ac -b++Vb2-4ac
7 3 1 11 2cx? 2cx?
(b,m] AppellFl[*, T T T~ ’
4 2 2 4 p.+pr-4ac -b+b2-4ac
3
98a2ex? [b-+/b2-4ac +2cx?| [b+r/b2-4ac +2cx?| AppellF1[>, -,
4 2
17 2cx? 2cx? }J/
e ’
24" bobT dac bib dac
3 1 1 7 2 ¢ x2 2 ¢ x2
c|7aAppellF1[ =, =, =, —, - s ] -
4 2 2 4 pi+b2-4ac -b+/b2-4ac
7 1 11 2 cx? 2 ¢ x?
X2 b+m)AppellF1[—, ST, T, - ;
4 2 2 4 p.+p2-4ac -b+Vb’-dac
7 3 1 11 2 ¢ x? 2 ¢ x?
(b,M] AppellFl[*, T T T s 4
4°2 2 4 pi+b2-dac -b+Vb -dac

1)/

1)/

+

1))+

|+

)))+
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b-+/b?-4ac +2cx?

462 ad x*

(b+xlb2—4ac +2cx?

7 1 1 11 2 ¢ x? 2 ¢ x?
AppellFl[*, T T T~ ) ] /
4 2 2 4 b+vVb2-4ac -b++vb*-4ac
7 1 11 2 ¢ x2 2 ¢ x2
11aAppellF1[—, s T Ty - ) } -
4 2 2 4 b+rvVb2-4ac -b++vb2-4ac
11 1 3 15 2 ¢ x? 2 c x?
x2 b+x/b2—4ac)AppellF1[—, — Ty T - > }+
4 2 2 4 b+vb2-4ac -b++b2-4ac
3 1 15 2 c x? 2 ¢ x2
(b—x/b2—4ac]AppellF1[—, T T T - > ]]J+
2 2 4 b+rvVb2-4ac -b++vb*-4ac
[33abex4 b-+/b?-4ac +2cx?| |[b++/b? -4ac +2cx?
7 1 1 11 2 c x? 2 c x?
AppellFl[*, T T T s~ ) /
4 2 2 4 b+Vb2-4ac -b+vb2-4ac

1 11 2 cx? 2cx?

) B ) B ) } -

7
4 2 2 4 b+vb?2-4ac -b+i/b?*-4ac

11 3 15 2cx? 2cx?
(b+m) AppellF1[ ==, =, =, =2 , ] +
4 4 b+vb2-4ac -b++yb2-4ac

13
2 2
1 3 1 1S 2 ¢ x2 2 ¢ x?
(b—m]AppellFl[—, o o T - ’ ]]J])
4722 4" b\t aac -b.B dac

11 a AppellFi|

(c

2

X

Problem 208: Result more than twice size of optimal antiderivative.

J(fx)”z (d+ex?) (a+bx®+cxt)®?ax

Optimal (type 6, 299 leaves, 6 steps):

s/ 2 3 5 3 3 9 2cx? 2 cx?
2ad(fx) \Ja+rbx?+cx AppellFl[—,——,——, -, - y - ]/
4 2 2 4 p +/p2-4ac b+vb2-4ac
2 ¢ x2 2 ¢ x2
5F |1+ 1+ —————— |4

b-+vb2-4ac b+vb2-4ac

9/2 2 2 9 3 3 13 2cx? 2cx?
2ae (fx)??Ja+bx®+cx* AppellF1[=, - =, - =, —, - , - ]
4 2 2 4 b-vVb2-4ac b+Vb2-4ac

2 c x? 1 2 c x?
+

b-+Vb%2-4ac b+Vb2-4ac

9f |1+

Result (type 6, 4499 leaves):
1 2 8 (-147b>cd+924abc?d+77b%e-501ab?ce+612a%c2e) Vx
—(fx)?*y/a+bx?+cx* +

x3/2 69615 c3
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2 (84b2cd+1911aczd—44b3e+240abce> x5/2

+

13923 ¢?
2 (399bcd+12b’e+425ace) x*/2

2 2
b — (21cd+23be) xB3/2 L — cexl?/?
4641 c 357 21

(56a3b3d (fx)3/2 (b—xlb2—4ac +2cx?| |b+/b?-4ac +2cx?

11 1 5 2cx? 2cx?
AppellFl[—, =, =, =, s
4 2 2 4 +Vb2-4ac -b++b2-4ac

X (a+bx2+cx“)3/2

[663 c? ( \/74ac

[ 5aAppellFl[~,

~

oo o azc

2 ¢ x? 2 ¢ x?
- ) }"’

5
4 pi+b2-4ac -b+Vb2-4dac

+1/b°-4ac J AppellFl
[ -4/b ac AppellFl
(352a4bd fx3/2[ -/b?-4ac +2cx?

AppellFi|—,

3 3

N |
N |

e

2cx? 2 cx?
y ) :|+

9
4 pi+vb2-4ac -b+Vb2-4ac
9
4

o 2cx? , 2cx? ]]]J+

+vb?-4ac -b++/b?>-4ac
b++/b?-4ac +2cx?

2

)

=
2
2
2

-l>|u‘l -l>|u-|

11 1 5 2cx? 2cx? ]]/
Ty T T Ty T K]
2’2" 2" 4" b dac  -bib?-dac

(b+\/b2—4ac

X (a+bx2+cx4)3/2

[663c [b- b2-4ac

1 1 5 2cx? 2cx?
-5aAppellFl|[ =, =, =, =, - s |+
4 2 4 pi+b? -4ac -b+vb2-4ac
5 2 5 1 3 9 2cx? 2 cx?
x2 | |b+~/b 74acJ AppellFl[ =, =, =, =, - , |+
4 2 2 4 pi+/p2-4ac -brb2-4ac
2 5 3 1 9 2 c x? 2 cx?
[b— b —4ac)Appe11F1[— =, =, 5, - s ] +
4 2 2 4 pi+b2-4ac -b+vb2-4ac

+1/b?-4ac +2cx?

(88a3b4 fx 3/2( -+/b?-4ac +2cx?

1 1 1 5 2 ¢ x? 2 ¢ x?
AppellF1[ =, =, =, =, - s /
4 2 2 4 pi+p2-4ac -b+b2-4ac
1989 ¢ (b +/ b? 4ac] (b+«/ ~dac x(a+bx2+cx4)3/2
1 1 1 5 2 ¢ x2 2 c x?
-5aAppellFl|[~, =, =, =, - s |+
4’2 2" 4 b+vVb2-4ac -b+vb%2-4ac
5 1 3 9 2cx? 2 cx?
x2 | |b++/b? 4acJAppellF1[— =, =, =, - s |+
4 2 2 4 pi/p2-4ac -brb2-4ac
5 3 1 9 2 c x? 2 cx?
[b—xlb 4ac)Appe11F1[— —y =y — - R ]]]J
4 2 2 4 pi+b2-4ac -b+yb2-4ac
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b++/b?-4ac +2cx?

(1336a4bze (fx)3/2 (b—«/b2—4ac +2cx?

1 1 1 5 2 ¢ x? 2 ¢ x?
AppellFl[f, Ty T Ty T ) /
422727 4" by dac -b.Vb dac
4641c2(b— b2—4ac](b+x1b2—4ac x(a+bx2+cx“)3/2
1 1 1 5 2 ¢ x2 2 ¢ x2
—5aAppe11F1[—, = T T - s } +
4 2 2 4 pi+b2-4ac -b+b2-4ac
5 9 2cx? 2 c x?

1 3
5139 , J+
J 4 2 2 4 p,\b’-4ac -b+b2-4ac
s 3 1 9 2cx2 2cx?
[bfm)AppellFl[z, ;, ;: Z)* ’ ]]]J+

b+Vb2-4ac -b+vb2-4ac
(32a5e (Fx)3/2 [bfx/b274ac +2cx?| |b+r/b2-dac +2cx?

11 1 5 2cx? 2cx?
AppellFl[*, s T T~ ) ] /
4 2 2 4 pi+p2-4ac -b+b*-4ac
91c(b— b2—4ac)[b+m x (a+bx?+cx?)??
1 1 1 5 2 cx? 2cx?
—5aAppe11F1[—, = T T - s } +
4 2 2 4 pi+/b2-4ac -b+yb2-4ac
5 1 3 9 2 ¢ x? 2 ¢ x?
x? | |b++/b?-4ac | AppellF1[=~, =, =, =, - s ]+
4 2 2 4 pi+/p2-4ac -brb2-4ac
5 3 1 9 2 ¢ x? 2 ¢ x?
[b—xlb2—4ac)AppellF1[—, Ty T T - s ]]]J
4 2 2 4 pi+p2-4ac -b+/b?-4ac

b++/b?>-4ac +2cx?

(96a4dx (fx)3/2 (bfx/b274ac +2cx?
1

5 1 9 2 ¢ x? 2 ¢ x?
Appe:l-lFl [ e y T T T K] ] /
4 2 2 4 pibr-4ac -b+b2-4ac

[85 {b—x/b2—4ac) [b+x/b2—4ac) (a+bx?+cxt)?

5 1 1 9 2 ¢ x2 2 ¢ x2
—9aAppe11F1[—, = T T - s } +
4 2 2 4 pi+b2-4ac -b+vb2-4ac
5 3 9 1 3 13 2 cx? 2cx?
x2 ||b++/b —4acJAppellF1[—, =, =, =, - s |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
2 9 3 1 13 2cx? 2 c x?
[b— b —4ac)Appe11F1[—, —y =y — - , ] -
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac
504a2b4dx(1:x>3/2 (b— b?>-4ac +2cx?| [b++/b?>-4ac +2cx?
5 1 1 9 2 ¢ x? 2 ¢ x?
AppellFl[f, Ty T Ty T ) /
4 2 2 4 py+p2-4ac -b+b*-dac
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5525c2(b7 b274ac](b+xlb274ac <a+bx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
9aAppe11F1[f —y Ty Ty — R }+
4 2 2 4 py+p2-4ac -b+b*-4ac
9 1 3 13 2 ¢ x2 2 ¢ x2
x? b+x/b2—4acJAppe11F1[— — Ty s - s ] +
4 2 2 4 b+vb2-4ac -b++yb2-4ac
9 3 1 13 2 ¢ x2 2 ¢ x2
[b—x/b2_4ac)Appe11F1[— ==, =, - s ]]J]+
4 2 2 4 b+rvVb2-4ac -b+vb*-4ac

3768 a3 b2 d x (fx)3/2 (b—\/b2—4ac +2cx?| [b+/b2-d4ac +2cx?

1 9 2 c x? 2 cx?
AppellFl[ —y = - R ]/
2 4 pi+/b*-4ac -b+/b*-4ac

] b+x/b274ac) (a+bx2+cx4)3/2

—_—

5 1 1 9 2 ¢ x? 2 ¢ x?
9aAppe11F1[* T T T ™ ’ } *
4 2 2 4 py+p2-4ac -b+vb*-4ac
, 5 9 1 3 13 2cx? 2cx?
X“ | |b+4/b —4acJAppellF1[—, T T T - s *
4 2 2 4 b+vb2-4ac -b++yb2-4ac
2 9 3 1 13 2 c x? 2 ¢ x?
[b— b—4ac)Appe11F1[— —, =, —, - s ] +
4 2 2 4 b+vb2-4ac -b++vb2-4ac

b++b?>-4ac +2cx?

1 1 9 2 ¢ x? 2 ¢ x?
Ty Ty Ty~ > ] /
2 2 4

5
AppellFl[—
4 b2-4ac -b+b2-4ac
5525 ¢ (bf b274ac] (b+xlb274ac <a+bx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
9aAppe11F1[f —, Ty T - R +
4 2 2 4 b+\/m “b+/b2-4ac

3 13 2 ¢ x2 2 ¢ x2
+1/b?-4ac J AppellF1| , =, =, |+

2 4 b+vVb2-4ac -b+vb2-4ac

4 2
9 3 1 13 2cx? 2cx?

{ -+/b 4ac)Appe11F1— -, =, =, - B ] -
4 2 2

4 b+rvVb2-4ac -b+vb*-4ac
(2032a3b3ex (fx)3/2 (b—\/b2—4ac +2cx?

b++/b?2-4ac +2cx?

AppellFl[

1 1 9 2 c x? 2 cx? ]]/
T Ty Ty~ )
2 2 4 pi+/b2-4ac -b+vb2-4ac

-b|u1

<a+bx2+cx4)3/2

2 ¢ x? 2 ¢ x?

b+vb2-4ac -b+/b%?-4ac

]+
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9 1 3 13 2 ¢ x? 2 ¢ x?
xz(b+x/b2—4ac]AppellF1[—, — —s — s - s }+
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b—x/b2,4ac)Appe11F1[—, =, =, =, - B ]]JJ+
4 2 2 4 b+vVb2-4ac -b++yb2-4ac

(26688a4bex(fx)3/2 (b—«/b2—4ac +2cx?| |[b+~/b2-4ac +2cx?

AppellFl[

)

9 2 c x? 2 cx? ]]/
4 pi/b?-d4ac -b+/b2-4ac
[38675c (b—«/b2—4ac] (b+x/b2—4ac) (a+bx?+cx?)??

1 1
ERRE)
2 2

H |

5 1 1 9 2cx? 2cx?
-9aAppellFl|[ =, =, =, =, - s ]+
4 2 2 4 pi+b2-4ac -b+yb2-4ac
9 1 3 13 2 ¢ x? 2 ¢ x?
X2 b+x/b2—4ac]AppellF1[—, —y T Ty - ’ }*
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b7«/b274ac)AppellF1[—, Ty T T - s ]]J]
4 2 2 4 b+vVb2 -4ac -b++vb2-4ac

Problem 209: Result more than twice size of optimal antiderivative.

j\/fx (d+ex2) (a+bx2+cx4>3/2d1x

Optimal (type 6, 299 leaves, 6 steps):

32 3 a 3 3 3 7 2 ¢ x? 2 ¢ x?
2ad(Fx) \Ja+bx?+cx AppellFl[f,f*,f*, -, - y - ] /
4 2 2 4 p_-/b2-4ac b+/b?-dac
2 ¢ x? 2 ¢ x?
3f 1+ 1y —M | +

b-+Vb%*-4ac b+Vb?-4ac

) . 7 3 3 11 2cx? 2cx?
2ae (fx)”“+Ja+bx®+cx AppellFl[—, - =, - =, —, - y - ] /
4 2 2 4 p_+/b2-4ac b+Vb2-4ac

3 2 ¢ x2 2 ¢ x2
7¢ |1, "% |9, =2
b-+vb2-4ac b+vb2-4ac

Result (type 6, 3656 leaves):

1 2 (228b%2cd+3971ac®d-108b3e+624abce) x3/2
——/fx \Ja+bx?+cx* ( )
Vx

2 (323bcd+12b%2e+345ace) x’/2 2
( ) +—(19cd+21be)x11/2+—cex15/2
3135 ¢c 285 19

b-+/b?>-4ac +2cx? (b+x/b2—4ac +2cx2)

+

21945 c?

(32a4dxx/fx




52 | Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)~"m (d+e x~2)~q (a+b x"2+c x~4)~p.nb

AppellF1| =,

J

-l>|w

1
2

N |

2 ¢ x2 2 ¢ x2 ]/
y - B
b+vb2-4ac -b+vb%2-4ac

[15 [b— b2—4ac) (b+\/b2—4ac) (a+bx2+cx4)3/2

INERN

3 1 1 7 2 cx? 2cx?
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac
7 1 3 11 2 c x? 2cx?
x2 b+«/b2—4acJAppellF1[f =, = , - s ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
7 3 1 11 2 cx? 2 c x?
[bfx/b274ac)AppellF1[* —5 >~ s ]]J]*
4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
(Sa"’bzdxx/fx b-+/b2-4ac +2cx?| |b++/b2-4ac +2cx?
31 1 7 2 ¢ x2 2 ¢ x2
AppellF1[=, =, =, —, - s ]/
4 2 2 4 p,+/p2-4ac -b+Vb>-4ac

[55C(b— b2—4ac) [b+«/b2—4ac) (a+bx2+cx“)3/2

3 1 1 7 2 cx? 2cx?
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac
5 1 3 11 2 c x? 2cx?
X b+ 4acJAppe11F1 —y Ty Ty T - ’ }*
4’2" 2" a4 b+vb2-4ac -b++yb2-4ac
7 3 1 11 2cx? 2 c x?
[b c)AppellFl — =y y - B ] -
4’2" 2" 4 b+vVb2-4ac -b+vb%2-4ac
(7Za3b3ex —+/b?-4ac +2cx? +1/b?2-4ac +2cx?
31 1 7 2 ¢ x2 2 ¢ x2
AppellF1[=, =, =, —, - s ]/
4 2 2 4 ~4ac -b++/b?-4ac
1045 ¢ (b— b2—4ac) (b+x/b2—4ac <a+bx2+cx4)3/2
3 1 1 7 2 cx? 2cx?
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+/b2-4ac
5 2 7 1 3 11 2 c x? 2cx?
x| |b++/b —4acJAppellF1[7, =, 5, =, - s ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
2 7 3 1 11 2 cx? 2 c x?
[b— b —4ac)AppellF1[f —, = 5 — > +
4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
416 a*bex/fx |b-+/b?-4ac +2cx?| |[b+~/b?-4d4ac +2cx?

2 ¢ x2 2 ¢ x2
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31 1 7 2 ¢ x2 2 ¢ x2
-7 aAppellFl] =, TR s |+
4 2 4 pi+b2-d4ac -b++b?-4ac
1 3 11 2cx? 2cx?
+4/b 4ac]Appe11F1 T T Ty T - ’ }‘f
4’2 2 4 b+vVb2-4ac -b+vb2-4ac
7 3 1 11 2cx? 2 c x?
[ -4/ b 4ac)Appe11F1 e e > -

4’2 2" 4 b+rvVb2-4ac -b+vb:-4ac

288albdx3+/fx |b-+/b>-4ac +2cx? (b+x/b2—4ac +2cx?
7 1 11 2 cx? 2 cx?
AppellFl[f —y Ty T — B } /
4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac

245 (bfx/b2—4ac] (b+«/b274ac] (a+bx?+cx*)??

7 11 2 c x? 2 ¢ x?
-11aAppellFl[—, =, =, —, - > ] +

4 2 2 4 b+\/b2—4ac -b++vb2-4ac
1 3 15 2cx? 2 cx?

4ac) pellFl =, =, — - ’ ] +
2 2 4 b+vb2-4ac -b++vb2-4ac
3 1 15 2cx? 2cx?

[ 4ac ) A pellFl — T — - ] *
2 2 4 b+\/b2—4ac ~b+ -4ac
8a2b3dx3+/F b-+/b*>-4ac +2cx?| |[b++/b>-4ac +2cx?

11 2 cx? 2 cx? }]/
y T Ty T )
2 4 b+vVb?2-4ac -b+vVb%2-4ac

7 1 1 11 2 c x? 2 ¢ x?
-11aAppellFl[—, =, =, —, - > ] +
4 2 2 4 b+vb2-4ac -b+vb2-4ac
11 1 3 15 2 c x? 2 ¢ x2
x? b+x/b2—4ac]AppellF1[—, e s ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 3 1 15 2 cx? 2cx?
[b—«/b2—4ac)AppellF1[—, —, =, - }J]J
4 2 2 4 b+\/b2—4ac b+ ~4ac
9 a*ex3V/fx |b-+/b>-4ac +2cx?| |b++/b>-4ac +2cx?
7 1 11 2 cx? 2 cx?
AppellFl[f T T T~ ’ } /
4 2 2 4 b+vVb?2-4ac -b+vb%2-4ac

[133 (bf b2—4ac] (b+x/b274ac] <a+bx2+cx4)3/2

7 1 1 11 2 ¢ x2 2 ¢ x2
-11aAppellFl[—, =, =, —, - s |+
4 2 2 4 brvVb2-4ac -b++vb2-4ac

X2

3 1 1 3 15 2 cx? 2cx?
b++/b —4ac]AppellF1[—, e e P ]+
4 2 2

4 b+rvVb2-4ac -b++vb*-4ac
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11 3 1 15 2cx? 2cx?
(b—«/b2—4ac)Appe11F1[—, =, =, =, }J]]_
4 2

2 4 b+\/b2—4ac b+ ~4ac

72a’b*ex3+/fx |[b-+/b*-4ac +2cx?| |b+/b>*-4ac +2cx?
7 1 1 11 2 cx? 2cx?

AppellFl[f —y Ty T — B }/
4 2 2 4 b+vVb?2-4ac -b+vb?2-4ac

931 ¢? [bfx/b274ac) [b+«/b274acj (a+bx2+cx4)3/2

7 1 11 2 ¢ x2 2 ¢ x2
-11aAppellFl[—, =, =, —, - s |+
4 2 2 4 b+\/b2—4ac “b++vb2-4ac
, 13 15 2cx? 2cx?
x2 | |b+ 4ac] pellFl =, =, =, - B |+
2 2 4 b+rvVb2-4ac -b++vb*-4ac
3 1 15 2 cx? 2cx?
(b— -4ac ) AppellFl =, =, =, - ] +
2 2 4 b+\/m b+ ~4ac

b++b?>-4ac +2cx?

7 1 1 11 2 cx? 2 cx?
AppellFl[~, =, =, =, - , }/
4 2 2 4 b+vVb?2-4ac -b+vVb%2-4ac
4655c(b7 b274ac) (b+x/b274ac) (a+bx2+cx4>3/2
7 1 1 11 2 ¢ x? 2 ¢ x?
-11aAppellFl[—, =, =, —, - s |+
4 2 2 4 brvVb2-4ac -b+vb2-4ac
1 3 15 2 c x? 2 ¢ x2
xz(b+x/b2—4ac]AppellF1[ -, =, =, - , |+
2 2 4 b+rvVb2-4ac -b++vb*-4ac
11 3 1 15 2 cx? 2cx?
(b—«/b2—4ac)Appe11F1[—, —, =, - }J]J
4 2 2 4 b+\/b2—4ac b+ ~4ac

Problem 210: Result more than twice size of optimal antiderivative.

d 2 b x2 4\3/2
J( +ex)(a+ x+cx) ix

VFx
Optimal (type 6, 297 leaves, 6 steps):



Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)™"m (d+e x~"2)~q (a+b x"2+c x~4)~p.nb | 55

1 3 5 2 c x? 2 cx?
2adV/fx \Ja+bx?+cx* AppellF1[~, - =, - =, =, - , ]/
4 2 4 b-+b?-4ac b+Vb%2-4ac
2cx? 2cx?
f |1+ ——— 1y ———— | +
-4ac b+vb2-4ac
5 3 9 2CX 2cCcX
2ae(1cx>5/2x/a+bx2+cx4 AppellFl[ =, - =, - =, =, - , - }J/
4 2 2 4 p +/p2-sac b+vVb2-4ac
3 2 cx? 2 cx?
5F (14— 1+
-vb%2-4ac b+vb2-4ac

Result (type 6, 3656 leaves):

2 (68b2cd+867ac2d—28b3e+176abce) VX
3315 ¢?

a+bx?+cx

+

Ve

2 (85bcd+4b2e+91ace) x5/2

2
n (17cd+19be>x9/2+fcex13/2
663 C 221 17

(96a4dx b-+/b?-4ac +2cx? (b+xlb2—4ac +2cx?
1 1 1 5 2 ¢ x? 2 ¢ x?
AppellF1[—, =, =, =, - s ]/
4 2 2 4 pi+p2-4ac -b+b’-4ac

13 [b—w/b2—4ac) [b+x/b2—4ac ) F x (a+bx2+cx“)3/2

1 1 1 5 2 ¢ x2 2 ¢ x?
-5aAppellFl|[~, =, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac

5 1 3 9 2cx? 2 c x?
x? b+x/b274acJAppellF1[— -, =, =, - , |+
4 2 2 4 pi/p2-4ac -brb2-4ac
5 3 1 9 2 c x? 2 cx?
[b—xlb2—4ac)AppellF1[— =, =, =, - ])]J+
4 2 2 4 b+\/b2—4ac ~b+Vb%-4ac
(8a3b2dx b-+/b?-4ac +2cx?| |[b++/b?>-4ac +2cx?
1 1 1 5 2 ¢ x? 2 ¢ x?
AppellF1[—, =, =, =, - s ]/
4 2 2 4 pib2-4ac -b+Vb2-4ac

39c¢ (b—x/b2—4ac) [b+\/b2—4ac ) F x (a+bx2+cx“>3/2

1 1 1 5 2 ¢ x2 2 c x?
-5aAppellFl|[~, =, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac

9 2cx? 2 c x? ]

Ty - ) +
4 pi+vb2-d4ac -b+b2-4ac
9
4

2 c x? 2 cx? ])]J
)y 3 -
b+vb2-4ac -b+vVb%?-4ac

X2

b++/b*-4ac J AppellFl[5 l, 3,
2

[b—xlb2—4ac ) AppellF1[ =, 3
2

)

RN
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(56a3b3ex b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?
1 1 1 5 2 ¢ x? 2 ¢ x?
AppellFl[f —5 T T ) ] /
4 2 2 4 +vVb2-4ac -b+b2-4ac

[663c2 [b— b2-4ac

]

[b+x/b2—4ac ) v F x (a+bx2+cx4)3/2

1 1 1 5 2 ¢ x2 2 ¢ x2
-5aAppellFl|[ =, —, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac
5 1 3 9 2cx? 2 c x?
x> | |b++/b 4acJAppellF1 e , |+
4’2" 2" a +vb2-4ac -b++b2-4ac
5 3 1 9 2 c x? 2 cx?
[b A/ b 4ac)Appe11F1 —y = =y — — ]]J+
4’2" 2" 4" oo 2ac b+ vVb2-4ac
(352a4bex b-+/b?-4ac +2cx?| |[b++/b?>-4ac +2cx?
1 1 1 5 2 ¢ x? 2 ¢ x?
AppellFl[f —5 Ty T ) /
4 2 2 4 b2-4ac -b++vb2-4ac
[663c[b— b2—4acJ (b+\/b2—4ac]\/fx (a+bx2+cx“)3/2
1 1 1 5 2 ¢ x2 2 ¢ x2
-5aAppellFl|[~, —, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac
1 3 9 2cx? 2 c x?
x> | |b++/b 4acJAppellF1 -, =, =, - , |+
2 2 4 pip2-4ac -b+rib2-4ac
3 1 9 2 c x? 2 cx?
[b \/b 4ac)Appe11F1 —y =y — - R ]]]J
2 2 4 pi+b-4ac -b++/b*-4ac

i

+1/b?-4ac +2cx?

4
5
4
b>-4ac +2cx? (

(672 a’bdx®

5 1 1 9 2 ¢ x? 2 ¢ x?
AppellFl[ =, =, =, =, s ]/
4 2 2 4 +vb2-4ac -b+Vb2-4ac
[325 (b— b2—4acJ (b+x/b2—4ac]x/fx (a+bx2+cx“)3/2
5 1 1 9 2 ¢ x2 2 ¢ x2
-9aAppellFl|[ =, —, =, =, - s |+
4 2 2 4 pi+b2-4ac -b+vb2-4ac
1 3 13 2 cx? 2cx?
x2 | |b++/b 4acJAppellF1 —s T3 —s s — s }+
4’2 2 a b+vVb2-4ac -b+vb%2-4ac
9 3 1 13 2cx? 2 c x?
[b A/ b 4ac)Appe11F1 o, s, s =, - s ]]JJJr
4’2" 2" 4 b+rvVb2-4ac -b+vb2-4ac

b2-4ac +2cx?

i

b++/b?>-4ac +2cx?

(72 a’b3dx®

-
-
-

AppellFl[

N |

-b\u‘l
N R
» 0O

2 ¢ x? 2 ¢ x? ]/
+Vb2-4ac -b+yb%2-4ac



Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)™"m (d+e x~"2)~q (a+b x"2+c x~4)~p.nb | 57

[325c(b«/b24ac)(b+ b274ac]\/ﬁ(aerx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
—9aAppe11F1[f, —s T T - s } +
4 2 2 4 p,.+/p2-4ac -b+b? -4ac
9 1 3 13 2 ¢ x2 2 ¢ x2
x? b+x/b2—4acJAppellF1[—, — T - s ]+
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
9 3 1 13 2 ¢ x2 2 ¢ x2
[b—x/b2—4ac)Appe11F1[—, —y Ty Ty - > ]]J]‘
4 2 2 4 b+vb2i-4ac -b+Vb2-4ac
9 a*ex® |b-+/b%2-4ac +2cx? b+\/m+2cx2
5 1 1 9 2 c x? 2 cx?
AppellFl[—, s T T~ ) ] /
4 2 2 4 pi+p2-4ac -b+vb2-4ac
Ss[bf b274ac)[b+«/b274ac)\/fx (a+bx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
—9aAppe11F1[*, T T T ™ ) } *
4 2 2 4 p,.+/p2-4ac -b+b? -4ac
9 1 3 13 2 ¢ x2 2 ¢ x2
x? b+\/b2—4acJAppellF1[—, — T - s +
4 2 2 4 b+vb2-4ac -b++yb2-4ac
9 3 1 13 2 ¢ x2 2 ¢ x2
[b—x/b2—4ac)Appe11F1[—, T T T s - ) ]]J]‘
4 2 2 4 b+vb2-4ac -b++vb2-4ac

ﬁ

504 a2 b* e x3

b++b?>-4ac +2cx?

b>-4ac +2cx?

5 1 1 9 2 c x? 2 cx?
AppellFl[—, T Ty Ty~ ) ] /
4 2 2 4 pi+b2-4ac -b+vb2-4ac
5525 ¢? (bfx/b274ac] (b+xlb274ac v f x (a+bx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
—9aAppe11F1[f, —, 5, —, - s +
4 2 2 4 py+p2-4ac -b+vb*-4ac
9 1 3 13 2 ¢ x2 2 ¢ x2
x2 b+x/b2—4acJAppe11F1[—, =, =, =, - s |+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
9 3 1 13 2 ¢ x2 2 ¢ x2
[b—x/b2_4ac)Appe11F1[—, ==, =, - s ]J]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac

:

3768 a> b% e x3 (b -

b++/b?>-4ac +2cx?

2_4ac +2cx?

5 1 1 9 2 c x? 2 cx?
AppellFl[—, IR b) ] /
4 2 2 4 pi+b2-4ac -b+vb2-4ac
5525c(b7 b274ac] [b+x/b274ac)x/1‘x (a+bx2+cx4)3/2
5 1 1 9 2 ¢ x? 2 ¢ x?
—9aAppe11F1[f, —y Ty Ty — R } +
4 2 2 4 py+p2-4ac -b+b*-4ac
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9 1 3 13 2 cx? 2cx?
xz(b+x/b2—4ac]AppellF1[—, — —s — s - s }+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
9 3 1 13 2cx? 2 c x?
(b7«/b274ac)AppellF1[—, — T T - ) ]]J]
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac

Problem 211: Result more than twice size of optimal antiderivative.

)3/2

(d+ex?) (a+bx2+cx4
j dx

('FX)3/2

Optimal (type 6, 297 leaves, 6 steps):

. . 1 3 3 3 2 cx? 2cx?
2ad+/a+bx?+cx* AppellF1[-~, - =, - =, =, - - ] /
4 2 2 4

3
b-+Vb%*-4ac b+vVb2-4ac

2cx? 2cx?
FVfx 1+ ————— |1+ *

b-+/b*-4ac b+vVb2-4ac

3/2 > 2 3 3 3 7 2 ¢ x2 2 c x?
2ae(fx) \Ja+bx?+cx AppellFl[—,——,——, - - y - }/
4 2 2 4 p_+/p2-4ac b+b2-4ac
3 2 ¢ x2 2 ¢ x2
3 14— 1. —
b-+vb2-4ac b+vb2-4ac

Result (type 6, 2839 leaves):

1
——x3?2\Ja+bx?*+cx*

(-Fx)3/2
2ad 2(195bcd+12b2e+209ace) x3/2 2
- " ( ) Jr—(15cd+17be)x7/2+fcex”/2
N 1155 ¢ 165 15

b-+/b?>-4ac +2cx?

(128 a’bdx?

(b+x/b2—4ac +2cx?

AppellF1|

N |
N |

) )

Sw

7 2 c x? 2 c x? ]]/
> T o~ )

4 pi+b2-4ac -b+b2-4ac
11 [bf b274ac) [b+«/b274ac) (fx)3/2 (a+bx2+cx4)3/2

31 1 7 2cx? 2cx?
—7aAppe11F1[*, T T T ) } *
4 2 2 4 pi+/b2-4ac -b+b2-4ac
7 1 3 11 2 ¢ x? 2 ¢ x?
x2 ( b+\/m] AppellFl[*, T T T~ ) i
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
7 3 1 11 2cx? 2 cx?
b forase |mperra 7, 2, 1 2 : 1] ]-
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
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(32a4ex3 b-+/b?-4ac +2cx?| |b++/b* -4ac +2cx?
3 1 1 7 2 ¢ x? 2 ¢ x?
AppellFl[f —y Ty T - ) /
422727 4" by dac -b.Vb dac

[15 [b—\/m) [b+m) (-Fx)3/2 (a+bx2+cx4)3/2

3 1 1 7 2 ¢ x2 2 ¢ x2
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2 cx? 2cx?
x? b+x/b2—4acJAppellF1[— -, =, =, - , |+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
7 3 1 11 2cx? 2 c x?
[b—xlb2—4ac)AppellF1[— =, =, =/, - , ]]JJJr
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac
(8a3b2ex3 b-+/b?-4ac +2cx?| |[b++/b?>-4ac +2cx?
3 1 1 7 2 ¢ x? 2 ¢ x?
AppellFl[f —y Ty T - ) ]/
4 2 2 4 pib2-4ac -b+Vb2-4ac

[55(: (b—x/b2—4ac) [b+\/b2—4ac) (fx)3/2 (a+bx2+cx4)3/2

3 1 1 7 2 ¢ x2 2 ¢ x2
-7ahAppellFl|[ =, —, =, —, - s |+
4 2 2 4 pi+/b2-4ac -b+yb2-4ac
5 7 1 3 11 2 cx? 2cx?
X b+ 4acJAppellF1 I e e s }*
4’2 2 a b+vVb2-4ac -b++vb%2-4ac
7 3 1 11 2cx? 2 c x?
[b ) ppellFl DR ) ] -
4’2" 2" a b+rvVb2-4ac -b+vb2-4ac
24a%b%*dx®> |b-+/b?>-4ac +2cx?| |[b++/b*-4ac +2cx?
7 1 11 2 ¢ x? 2cx?
AppellFl[f —y Ty — — B /
4> 2" 2" 4’ b b dac bbb aac

[ \/743C) [ m) (Fx)?>? (a+bx?+cx?)??

7 11 2cx? 2cx?
-11aAppellFl[~, =, =, —, - > ] +
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
5 1 3 15 2cx? 2 cx?
X b+ -4ac J AppellFl —y Ty T - P ] +
2 2 4 b+rvVb2-4ac -b++vb>-4ac
3 1 15 2 c x? 2 cx?
[ -4dac ) AppellFl —> —» —s - B } -
2 2 4 b+vVb2-4ac -b+vb%2-4ac
(96a3cdx5 b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?

7 1 1 11 2 ¢ x? 2cx?
AppellFl[f —y Ty — - B }/
4’2" 2" 47 b, b dac b.vb? dac
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b+x/b2—4ac) (Fx)3/2 (a+bx2+cx4)3/2

7(b7 b2—4ac]

J—

7 1 1 11 2cx? 2cx?
-11laAppellFl[~, =, =, —, - , ]+
4 2 2 4 brvVb2-4ac -b++vb:-4ac

2

11 1 3 15 2cx? 2 ¢ x2
X —, =

b+x/b2—4acJAppellF1[ s T —— s - s |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 3 1 15 2cx? 2cx?
(b—x/b2—4ac)Appe11F1[—, —y Ty Ty — ’ }JJ)‘
4 2 2 4 b+vb2-4ac -b++yb2-4ac
b-/b? dac +2cx?

b++b?>-4ac +2cx?

1 11 2 ¢ x? 2cx?
> EIE N ) }/

4 b+rvVb2-4ac -b+vb2-4ac
245 (b— b2—4ac] (b+x/b2—4ac] (Fx)3/2 <a+bx2+cx4)3/2

(288 a*bex’

)

AppellFl[

BN
N |
N |

7 1 1 11 2 ¢ x? 2 ¢ x?
-11laAppellFl[~, =, =, —, - s ]+
4 2 2 4 pi+b2-4ac -b+Vb2-4ac
11 1 3 15 2 ¢ x? 2 ¢ x?
x2 b+x/b2—4ac)Appe11F1[—, =, =, =, - s |+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
11 3 1 15 2 c x? 2 c x?
(b—x/b2—4ac)Appe11F1[—, =, =, =, - , }J])Jr
4 2 2 4 b+vb2-4ac -b++yb2-4ac
(8a2b3ex5 b-+/b?-4ac +2cx?| |[b+~/b?2-4ac +2cx?
7 1 1 11 2 cx? 2 cx?
AppellFl[—, T T T e — ) } /
4 2 2 4 brvVb2-4ac -b+vb2-4ac

49 ¢ (b— b2—4ac) [b+x/b2—4ac) (fx)3/2 (a+bx2+cx4>3/2

7 1 11 2 ¢ x? 2 ¢ x?
—11aAppe11F1[*, —y T T - ’ } +
4 2 2 4 pi+p2-4ac -b+Vb?-4dac
1 1 3 15 2 c x? 2cx?
x? b+x/b2—4ac)Appe11F1[—, s Ty T - s ] +
4 2 2 4 b+vVb2-4ac -b++vb2-4ac
11 3 1 15 2cx? 2cx?
(b—x/b2—4ac)Appe11F1[—, —y Ty Ty — ’ }J])
4 2 2 4 b+vb2-4ac -b++yb2-4ac

Problem 212: Result more than twice size of optimal antiderivative.

dx

j(fx)yz <d+ex2)
Vva+bx?+cx?t

Optimal (type 6, 297 leaves, 6 steps):
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5/2 2 cx? 2cx?
2d (fx) 1+—m—— 14—
b-+/b%2-4ac b++vb%2-4ac
5 1 1 9 2cx? 2 cx? 2 a
AppellFl[ =, =, =, =, - , - ]/[E-F\/aerx rex* |+
4 2 2 4 p_ b -4ac b++vVb2-4ac

9/2 2cx? 2cx?
2e<-Fx) 1+ —m— |14 —m———
b-+vb%2-4ac b+vb2-4ac
9 1 13 2 cx? 2 ¢ x? 3 5 a
AppellFl[f, =, y - B } /(Q-F \Ja+bx®+cx
4 2 2 4 b-+vVb2-4ac b+vVb2-4ac

Result (type 6, 1037 leaves):
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1

50 c2 (a+bx2+cx4)3/2

£/ fx 20ce(a+bx2+cx4)2+ 25a%e |-b++/b?2-4ac —2CX2) b++b*-4ac +2cx2)
1 1 1 5 2 ¢ x2 2 c x?
AppellFl[ =, =, =, =, - ] /
4 2 2 4 b+\/b2—4ac -b+vb%2-4ac
1 1 1 5 2 cx? 2cx?
5aAppellfFl[~, =, =, =, - s -
4’2 2 4 b+vVb2-4ac -b+vb%2-4ac
5 5 1 3 9 2 c x? 2 cx?
X b+ 4ac)AppellF1 —y =y —y — — R +
4’2" 2" 4"y, b2 2ac -b++Vb2-4ac
5 3 1 9 2cx? 2 ¢ x?
(b ] pellFl R I , +
4’2 2 4 b+vVb?2-4ac -b+vb%2-4ac
45acdx? |b-+/b? -4ac +2cx? +a/b?2-4ac +2cx?
5 1 1 9 2 ¢ x2 2 ¢ X2
AppellFl| =, =, =, =, - , ] /
4 2 2 4 pi+or-4ac -b+Vb>-4ac
5 1 1 9 2 c x? 2 c x?
9aAppellF1[~, =, =, =, - s -
4 2 2 4 pib?-4ac -b++b2-4ac
9 1 3 13 2 c x? 2 ¢ x2
x? b+«/b2—4ac)AppellF1[— -, =, =, - s |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 c x? 2 cx?
(bfﬂb -4ac J AppellFl[ =, =, =, —, - , ]]]+
4 2 2 4 b+vVb2-4ac -b++vb%2-4ac
27abex? 4ac +2cx? +1/b?-4ac +2cx?
5 1 1 9 2 cx? 2 cx?
AppellFl[f — 5 —, - , } /
4 2 2 4 b+vb2-4ac -b++/b%?-4ac
5 1 1 9 2 ¢ x2 2 ¢ x2
-9aAppellFl| =, =, =, =, - s |+
4 2 2 4 pi+p2-4ac -b++/b*-4ac
9 1 3 13 2 ¢ x2 2 ¢ x2
x? b+x/b2—4ac)AppellF1[— =, =, =, - s ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
9 3 1 13 2 ¢ x2 2 ¢ x2
(b—w/b2_4ac]AppellF1[— —y Ty T - 5 ]]])
4 2 2 4 b+vb2-4ac -b++vb2-4ac

Problem 213: Result more than twice size of optimal antiderivative.

J\/Fx (d+ex?) 5

- ax
Vva+bx?+cx?

Optimal (type 6, 297 leaves, 6 steps):
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2cx? ) 2 ¢ x?
+

b-+Vb?-4ac b+Vb?-4ac

2d (Fx)*% |1+

3.1 1 7 2cx? 2 cx? 2 a
AppellFl[ =, =, =, —, - , - ]/(3-Fxla+bx rex* |+

4 2 2 4 p +p2-4ac b+b*-4ac

2 ¢ x2 2 ¢ x?
2e<-Fx)7/2 1+ —MmMmM |14 —m
b-+vb%2-4ac b+vb2-4ac

7 1 1 11 2 cx? 2 ¢ x? 3 5 a
AppellFl[f, =, Ty Ty - , - }/(7-F \Ja+bx®+cx

4 2 2 4 b-+vVb2-4ac b+vVb2-4ac

Result (type 6, 642 leaves):
! ax\fx

b-+/b>-4ac +2cx?| |[b++/b?>-4ac +2cx?

42 ¢ (a+bx2+cx4)3/2

3 1 1 7 2 ¢ x? 2 ¢ x?
- | lasdapperrra][ 2, =, =, 5, - , ]/
4 2 2 4 pib2-4ac -b+Vb2-4ac
3 1 7 2 c x? 2 ¢ x?
~7afppellFl| =, —, =, —, - s *
4 2 2 4 pi+b2-4ac -b++/b*-4ac
R 5 7 1 3 11 2¢cx? 2 cx?
X b+ b—4ac)Appe11F1[—, —5 Ty T - > ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
, 7 3 1 11 2cx2 2cx
(b— b—4ac]Appe11F1[—, e > -
4 2 2 4 b+rvb2i-4ac -b++vb2-4ac
5 7 1 1 11 2 ¢ x? 2 ¢ x?
33ex?AppellFl] -, =, =, =, - , ] /
4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2cx? 2cx?
—11aAppe11F1[*, —y T T - > ] +
4 2 2 4 b+vVb2-4ac -b++vb2-4ac

15 2 cx? 2cx?
s b }*

11
(b+xlb274ac ) AppellFl[—,
4 4 b++vb%2-4ac -b++b?2-4ac

1 3
- )
2 2
1 3 1 15 2 ¢ x? 2 ¢ x?
(b—«/b2—4ac]AppellF1[*,*, > T - s ]
4 2 2 4 pi/b2-4ac -b+b2-4ac

XZ

)

Problem 214: Result more than twice size of optimal antiderivative.

d+ex?
J dx
Vfx Va+bx?+cx?
Optimal (type 6, 295 leaves, 6 steps):
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1 2 ¢ x?
2d+/fx 1+ —m—
fva+bx?+cx?t b-+b%*-4ac
2 ¢ x? 1 1 1 5 2 ¢ x? 2 ¢ x?
1+ —————— AppellF1[=, =, =, =, - , - ]+
b+vVb2-4ac 4 2 2 4 p +/p2_sac b+vVb2-4ac
2 ¢ x2 2 ¢ x2
Ze(fx)s/2 1+ ——m——— 14— ————
-vb?-4ac b+vVb2-4ac
5 1 1 9 2 c x? 2 cx? 3 2 B
AppellFl[f —, Ty T, - y - ]/[S-F \Ja+bx‘+cx
4 2 2 4 b-+Vb%?-4ac b+vVb2-4ac

Result (type 6, 642 leaves):

1
ax|b-+/b?>-4ac +2cx?| |b+~/b*-4ac +2cx?
10 ¢/ f x (a+bx2+cx“)3/2
1 1 1 5 2 cx? 2 cx?
25dAppe11F1[_ Ty T Ty — b ] /
4 2 2 4 pi+b2-4ac -b+b2-4ac

1 1 1 5 2 ¢ x? 2 ¢ x?
5aAppe11F1[* T T T~ 4 "
4> 2" 24" 4. yo aac beb? dac
5 1 3 9 2cx? 2 ¢ x?
X2 b+x/b274ac)Appe11F1[* =y Ty T - ’ +
4 2 2 4 p,+p?-4ac -b+b’-4ac
5 3 1 9 2cx? 2cx?
oot sac | penra(®, 2, 2,2 : 1)]]-
272" 2" 4"y, ¥ gac -bovBT_dac
5 1 1 9 2cx? 2cx?
9eX APDE:LlFl{* Ty Ty T~ ) } /
4 2 2 4 pi+p2-4ac -b+b2-4ac
5 1 1 9 2cx? 2cx?
9aAppellF1[— s Ty T - P ]+
4 2 2 4 +vb?2-4ac -b++b2-4ac
9 1 3 13 2cx? 2 cx?
X2 b+x/b2—4ac)AppellF1[— =5 Ty - > ]+
4 2 2 4 b+vVb2-4ac -b++yb2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(bfx/b274ac]AppellF1[— =, =y - ]]])
4 2 2 4 b+\/b2—4ac -b+Vb2-4ac

Problem 215: Result more than twice size of optimal antiderivative.

J d+ex? B
X
(£x)*2VarbEr ot

Optimal (type 6, 295 leaves, 6 steps):
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2 ¢ x? 2 ¢ x? 1
~|l2d |1+ ——"—— 1+ —""—— pppellfi[-—, =,
b-vVb2-4ac b+vVb2-4ac 4 2

1 3 2 ¢ x2 2 ¢ x2 T —
T T~ y — ]/('F\/'FX a+bx2+cx4 +
2 4 p_+p2-4ac b+vVb2-4ac
2 ¢ x2 2 ¢ x?
2e<-Fx)3'/2 1+ —MmMmM |14 —m
b-+vb%2-4ac b+vb2-4ac
3 1 1 7 2 c x? 2 cx? 3 2 2
AppellFl[f, —y T T - s — ]/[31: \Ja+bx®+cx
4 2 2 4 p_+b2-4ac b+rvVb2-4ac

Result (type 6, 1049 leaves):
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1

21a (fx)3/2 <a+bx2+cx“)3/2

2% 49 ab d x?

b-+/b?-4ac +2cx?

-21d (a+bx2+cx4)2+

(b+x/b2—4ac +2cx?

3 1 1 7 2 ¢ x2 2 c x?
AppellFl[ =, =, =, —, - , }/
4 2 2 4 pi+b*-4ac -b++yb2-4ac
3 1 1 7 2 ¢ x? 2 ¢ x?
4c 7aAppe11F1[— s T T - B }’
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2 ¢ x? 2 ¢ x?
x? b+x/b2—4ac)Appe11F1[f -, =, =, - s
4 2 2 4 p.+br-4ac -b+Vb2-4ac
7 3 1 11 2 ¢ x? 2 ¢ x?
(b—\/b2—4ac]AppellF1[f =, =y s -
4 2 2 4 b+\/b2—4ac -b++vb*-4ac
3
49a%ex? [b-+/b?-4ac +2cx*| |[b+~/b?-4ac +2cx?| AppellFl| =, =,
4 2
1 7 2cx? 2cx? }J/
T Ty T )
2 4 pi+/p2-4ac -b+vb2-4ac
3 1 1 7 2cx? 2cx?
4c 7aAppe11F1[— s T Ty - B }‘
4 2 2 4 pi+p2-4ac -b+b2-4ac
7 1 3 11 2 c x? 2 ¢ x2
x2 b+«/b2—4ac)Appe11F1[— =, s, =, - s
4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 3 1 11 2 ¢ x? 2 ¢ x?
(bfx/b274ac]Appe11F1[— =, =, =, - s
4 2 2 4 b+vVb2-4ac -b++b2-4ac
7 1
99adx* [b-+/b?-4ac +2cx?| [b+/b?-4ac +2cx?| AppellFl[~, =
4 2
11 2cx? 2 ¢ x? ]]/
R K]
2 4 b+vVb2-4ac -b++vb2-4ac
7 1 11 2cx? 2cx?
44 aAppellFl|[—, =, =, —, - B -
4’2" 2" 4’ p. e zac -biVDE-dac
5 1 1 3 15 2cx? 2cx?
4 x b+ -4ac ) AppellFl —y —y — - )
2 2 4 b+vVb*-4ac -b++vb2-4ac
11 3 1 15 2 c x? 2 ¢ x2
(b—x/b2—4ac]AppellF1[—, —5 T T — >
4 2 2 4 b+vVb? -4ac -b++vb2-4ac

Problem 216: Result more than twice size of optimal antiderivative.

dx

J(fX)B/Z (d+ex?)

(a+bx2+cx4)3/2

Optimal (type 6, 303 leaves, 6 steps):

+

1))+

|+

)
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2 ¢ x? 2 ¢ x?
2d (fx)*? |1+ ——— |1+ ————
-4ac b+Vb?-4ac
5 3 3 9 2 ¢ x2 2 ¢ x2 2 2
AppellFl[ =, =, =, =, - , - ]/[5af«/a+bx rext |+
4 2 2 4 p_ +/p2_sac b+vVb2-4ac
2 ¢ x2 2 ¢ x?
2e<-Fx)9/2 1+ —m— 1+

-vb%?-4ac b++vb%2-4ac

9 3 3 13 2cx? 2cx? 3 5 a
AppellFl[Z g, —, .y - , - } /(Qaf \Ja+bx®+cx

2 4 b-+vb2-4ac b+vVb2-4ac

Result (type 6, 1404 leaves):

1
5 (b2-4ac) (a+bx2+cx4)3/2
fy/fx |5(-bd+2ae-2cdx’*+bex?) (a+bx>+cx*) + |25a%e |-b++/b>-4ac -2cx?
11 1 5 2 ¢ x2 2 ¢ x2
( +1/b?-4ac +2cx?| AppellFl[~, =, =, =, - }/
4 2 2 4 b+\/b2—4ac b+ -4ac
1 1 1 5 2 ¢ x2 2 ¢ x2
2c [5aAppellFl][~, =, =, =, - s |-
4 2 2 4 pi+b2-4ac -b+b2-4ac
1 3 9 2 cx? 2cx?
+1/b 4ac)Appe11F1 T T T T~ s ]*
4’2 2 4 b+vVb2-4ac -b++vb%>-4ac
5 3 1 9 2cx? 2 cx?
( -4/b 4ac]Appe11F1 — =y =y — - ] *
22" 2" 4"y, v 2ac  _b- Vb2-4ac
1 1
25abd(b 4ac +2cx? +1/b?-4ac +2cx?| AppellFi[~, =,
4 2
1 5 2 ¢ x? 2 ¢ x? }]/
Ty T T )
2 4 pi+b2-d4ac -b++b2-4ac
1 1 5 2 ¢ x2 2 ¢ x2
4c|5ahppellFl[~, =, =, =, - s |-
4 2 2 4 p,b2-4ac -b+b2-4ac
5 1 3 9 2 ¢ x2 2 ¢ x2
x? b+x/b2—4ac)Appe11F1[— —, =, =, - , |+
4 2 2 4 p,/p2-4ac -b+b>-4ac
5 3 1 9 2 ¢ x2 2 c x?
(b—«/b2_4ac]Appe11F1[— =~y — - s }]]]+
4 2 2 4 pi+b* -4ac -b+vb2-4ac
5 1
9adx? |b-+/b*-4ac +2cx?| [b++/b>-4ac +2cx?| AppellF1[~, —,
4 2

1 9 2 c x? 2 cx? }J/
Ty T T
2 4 b+\/b2—4ac -b+ -4ac
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5 1 1 9 2cx? 2 cx?
183AppellF1[_ Ty Ty Ty — b ] -
4 2 2 4 pip2-4ac -b+b2-4ac
9 13 2cx? 2 c x?
4ac)AppellF1 = =~ — - s ] +
4’2 2 4 b+rvVb2-4ac -b++vb>-4ac

B ) B

9
4’2 2 4 b+\/b2—4ac -b++vb2-4ac

( -4/ b“-4ac ] AppellFl

13 2 cx? 2 cx? ]]]

9abex?|b-+/b?-4ac +2cx? (b+\/ ~d4ac +2cx?
5 1 1 9 2 ¢ x2 2 ¢ x2
AppellFl| =, =, =, =, - , }/
4 2 2 4 pib?-4ac -b++b2-4dac
5 1 1 9 2 ¢ x? 2 c x?
c |9aAppellFl|~, =, =, =, - s |-
4 2 2 4 p,/pb2-4ac -b+b>-4ac
1 3 13 2 c x? 2 ¢ x2
x? b+«/b2—4ac)Appe11F1[—, —, =, =, - , |+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
9 3 1 13 2 cx? 2 cx?
(bfx/b274ac]AppellF1[— =5 =, - s ]]J
4 2 2 4 b+vVb2-4ac -b++vb%2-4ac

Problem 217: Result more than twice size of optimal antiderivative.

3/2

J(\/ﬁ (d+ex?)

a+bx2+cx4)

Optimal (type 6, 303 leaves, 6 steps):

2cx? 2 ¢ x?
2d (Fx)%2 [14 ———— 1. —"
b-+vb2-4ac b+vb2-4ac
3 3 3 7 2 ¢ x2 2 ¢ x2 2 2
AppellF1[=, =, =, —, - , - ]/[3afﬂa+bx +rox* |+
4 2 2 4 p +/p2_sac b+vVb2-4ac
2 ¢ x? 2 ¢ x?
2e<-Fx)7/2 1+ — 1+ —
Vo zac oo Vb dac
7 3 3 11 2 cx? 2 c x? 3 5 B
AppellFl[f =, y - , - }/(7af \Ja+bx+cx
4 2 2 4 b-+/b2-4ac b+Vb2-4ac

Result (type 6, 1740leaves):
1

84a (-b>+4ac) (a+bx2+cx4)3/2

xvVfx

84<a+bx2+cx4) (—b2d+b (ae—cdx2> +2ac (d+ex2>) +

196 a2 d (b—xlb2—4ac +2cx?
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31 1 7 2 ¢ x2 2 ¢ x2
( +1/b?-4ac +2cx?| AppellFl[~, =, =, —, - }/
4 2 2 4 b+\/b2—4ac b+ -4ac
3 1 1 7 2 ¢ x2 2 ¢ x2
14aAppe11F1[— 5 Ty T - B ]‘
4 2 2 4 pi+b2-4ac -b+yb2-4ac
7 1 3 11 2 c x? 2 cx?
4ac)AppellF1 e R +
4’2" 2" a ~4ac -b++b*-4ac
7 11 2 c x? 2 cx?
( -+/b 4ac]Appe11F1 —y T Ts s - } +
4’2 2 4 b+\/b274ac “b++Vb%2-4ac
49 ab%d ( d4ac +2cx? +1/b?-4ac +2cx?
3 1 1 7 2 ¢ x? 2 ¢ x?
AppellFl[f — 5 —, - s } /
4 2 2 4 b+vb2-4ac -b++/b%2-4ac
3 1 1 7 2 ¢ x2 2 ¢ x2
c |7aAppellFl[=, =, =, —, - s ] -
4 2 2 4 +vVb2-4ac -b++/b?-4ac
7 1 3 11 2 c x? 2 ¢ x?
x? (b+x/b2—4ac)Appe11F1[— e |+
4 2 2 4 b+rvVb2-4ac —b+\/b2—4ac
7 3 1 11 2 ¢ x2 2 ¢ X2
(b—xlb2—4ac]Appe11F1[— =, s, =, - ]]]]_
4 2 2 4 b+vVb2-4ac -b+vb2-4ac
147a2be(b—w/b2—4ac +2cx? (b+«/b2—4ac +2cx?
3 1 1 7 2 cx? 2cx?
AppellFl[f —y Ty Ty - } /
4 2 2 4 b+x/b2—4ac -b++Vb*-4ac
3 1 1 7 2 c x? 2 cx?
7aAppe11F1[f — Ty Ty - R ]—
4 2 2 4 +vb2-4ac -b+b2-4ac
7 1 3 11 2 ¢ X2 2 ¢ x2
x2 (b+x/b2—4ac)AppellF1[f =, =, =, s ]+
4 2 2 4 +Vb?2-4ac -b+b2-4ac
7 3 1 11 2 ¢ x2 2 ¢ x2
(b—x/b2—4ac]Appe11F1[— =, =, =, - ]]]J_
4 2 2 4 b+\/b2—4ac b+ ~4ac
[99abdx2 b-+/b’-4ac +2cx?| |[b++/b?-4ac +2cx?
7 1 1 11 2 c x? 2 cx?
AppellFl[—, =, =, —, - , ] /
4 2 2 4 +vb2-4ac -b+b2-4ac
7 1 1 11 2 cx? 2 c x?
-11aAppellFl[~, =, =, =, - s +
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 1 3 15 2 cx? 2 cx?
x? (b+xlb2—4ac)AppellF1[f, —y —s —y - , ]+
4 2 2 4 b+Vb2-4ac -b+yb%-4ac
11 3 1 15 2 ¢ x? 2 ¢ x?
(b—«/b2—4ac]AppellF1[*, —s T — s ]]]+
422" 47 4. o aac  b.evb dac
198a%2ex? |[b-+/b>-4ac +2cx?| |[b+/b*-4ac +2cx?
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7 1 1 11 2 ¢ x? 2 c x?
AppE1lF1{_) Ty T T s T k) ] /
4 2 2 4 b+vb2-4ac -b++vb2-4ac
7 1 1 11 2 ¢ x? 2 ¢ x?
—11aAppe11F1{—, —s Ty T - s ] +
4 2 2 4 b+vb2-4ac -b+vb2-4ac

15 2 cx? 2cx?
N ) }"’

b++b?-4ac
4 b+vVb2-4ac -b+vb%2-4ac

13
2 2
11 3 1 15 2cx? 2 c x?
(bfx/b274ac]AppellF1[—, T T T - s ]
4 2 2 4 b+rvVb2-4ac -b+vb2-4ac

X2

11
AppellF1[—,
4

—_

Problem 218: Result more than twice size of optimal antiderivative.

d+ex?

jm <a+bx2+cx“)3/2

dx

Optimal (type 6, 301 leaves, 6 steps):

2 c x? 2 c x?

2dVFX 1.2y, 2ex

b-+Vb%?-4ac b+vVb2-4ac

13 3 5 2cx? 2cx? —

AppellFl|[ =, =, =, =, - , - ]/(af«/a+bx rex* |+
4 2 2 4 p_+/p2-4ac b+vVb2-4ac
2 ¢ x2 2 ¢ x2

2e<-Fx)5/2 1+ 1+

b-+vb2-4ac b+vb2-4ac

5 3 3 9 2 ¢ x? 2 ¢ x? 3 2 2
AppellFl[f, =, =, =, - , - ] /[Saf \Ja+rbx?+cx
4 2 2 4 p +/p2_sac b+vVb2-4ac

Result (type 6, 1740 leaves):
1

20a (-b2+4ac)/fx <a+bx2+cx“)3/2

X |20 (a+bx2+cx4) (7b2d+b(aefcdx2)+2ac(d+ex2))+

300 a%d [b7«/b274ac +2cx?

1 1 1 5 2 ¢ x? 2 ¢ x?
(b+x/b2—4ac +2cx2) AppellFl[~, =, =, =, - s }J/
4 2 2 4 pibr-4ac -b+vb2-4ac
11 1 5 2cx? 2cx?
10aAppellF1[*, s T T > ] -
4 2 2 4 pi+p2-4ac -b+yb*-4ac
5 3 9 2cx? 2cx?
2 x? b+w/b2—4ac)AppellF1[—, T Ty T - s }+
4 2 2 4 pi+p2-4ac -b+b2-4ac
5 1 9 2 ¢ x? 2 cx?
(b—x/b2—4ac]AppellF1[—, —y Ty Ty - > ]JJ‘
4 2 2 4 p.i+br-4ac -b+Vb’-4ac



Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)™"m (d+e x~"2)~q (a+b x"2+c x~4)~p.nb | 71

b++/b?2-4ac +2cx?

25ab%d (b—w/b2—4ac +2 ¢ x>

1 1 1 5 2 ¢ x? 2 ¢ x?
AppellFl[f —, 5 —, - s /
4 2 2 4 pib2-4ac -b+\b2-4ac
1 1 1 5 2 ¢ x? 2 ¢ x?
c |5aAppellFl|~, =, =, =, - s ] -
4 2 2 4 +vVb2-4ac -b++/b?-4ac
5 1 3 9 2 ¢ x? 2 c x?
x2 (b+x/b2—4ac)Appe11F1[— =, =, - s |+
4 2 2 4 pi+p2-4ac -b+vb2-4ac
5 3 1 9 2 ¢ x2 2 c x?
(b—«/b2_4ac]Appe11F1[— —y —s — - , }]]]_
4 2 2 4 pi+/p2-4ac -b+Vb2-4ac
1 1
25a’be |b-+/b?-4ac +2cx?| |[b++/b*-4ac +2cx?| AppellFl[—, —,
4’ 2

5 2 c x? 2cx? }]/
y T
4 b+\/b2—4ac -b+vVb*-4ac

N |

1 1 1 5 2cx? 2cx?
c |5aAppellF1[~, =, =, =, - s ] -
4 2 2 4 pi+p2-4ac -b+vb2-4ac
5 1 3 9 2 ¢ x? 2 ¢ x?
x2 (b+x/b2—4ac)AppellF1[f =, Ty s - , +
4 2 2 4 b+vVb2-4ac -b++vVb%-4ac
5 3 1 9 2 ¢ x? 2 ¢ x?
(b—x/b2—4ac]Appe11F1[— -, =, =, - B }]]]—
4 2 2 4 p.+or-4ac -b+Vb>-4ac
5 1
[Qabdx2 b-~/b>-4ac +2cx? (b+x/b2—4ac +2cx2)AppellF1[—, =,
4 2

9 2 cx? 2cx? }]/
y T
4 b+\/b2—4ac “b+/b%2-4ac

N =

5 1 9 2cx? 2 c x?
-9aAppellFl| =, =, =, =, - s |+
4 2 2 4 b+vVb2-4ac -b+vb%2-4ac
9 1 3 13 2cx? 2 c x?
x2 (b+xlb2—4ac)AppellF1[f =, =, =, - s ]+
4 2 2 4 b+vVb2-4ac -b++vb%2-4ac
9 3 1 13 2 ¢ x? 2 ¢ x?
(b—\/b2—4ac]Appe11F1[* e e > ]]+
4 2 2 4 b+vVb2-4ac -b+b2-4ac
18a%ex? |b-+/b?2-4ac +2cx? b+\/m+2cx2
5 2 cx? 2cx?
AppellFl[ =, =, =, =, - }/
4 b+\/b2—4ac -b+Vb%2-4ac

2cx? 2 c x?

, ]+
b++Vb2-4ac -b+vVb%>-4ac
9 1 3 13 2 2 2 2
b+x/b274ac)AppellF1[ R —_—, - <X R €X ]+

- - _J
4’2" 2" 4 b+rvVb2-4ac -b+vb2-4ac

2 Bl

N R N R
N R N

BIVoN e

9
[ 9 aAppellFi|—, =,
4

XZ
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(b—x/b2—4ac ] AppellF1|

P bl 3 2 3

2 2 4 b+vVb2-4ac -b+vb%2-4ac

FRE

1 13 2 cx? 2cx? ]])

Problem 219: Result more than twice size of optimal antiderivative.

J d+ex? dx
(fx)3/2 (a+bx2+cx“)3/2

Optimal (type 6, 301 leaves, 6 steps):

2 ¢ x2 2 ¢ x2 1 3
“ll2d j1+ —F—— |1+ — " AppellFi[-=, =, =,
b-vVb2-4ac b+vVb2-4ac 4 2 2

+

3 2 2 2 2
. <X > = €x ] /[a'F\/'FX \la+bX2+CX4
4 p-+b*-4dac b+vVb2-4ac

32 2cx? 2cx? 3 3 3 7
2e (fx) 1+ ————— |1+ —"""—— pppellF1[=, =, =, =,
b-+vVb2-4ac b+vVb2-4ac 4 2 2 4

2 cx? 2cx?
- } /(3af3x/a+bx2+cx4

- J
b-+Vb%2-4ac b+vVb2-4ac

Result (type 6, 2959 leaves):
;x3/2«/a+bx2+cx4 2d +
(fx)*? a2+/x

(b3dx3/273abcdx3/27ab2ex3/2+2a2cex3/2+b2cdx7/272aczdx7/2—abcex7/2)/

(a2 (—b2+4ac) <a+bx2+cx4)) +

(7b3dx3 b-+/b?-4ac +2cx?| |[b++/b?>-4ac +2cx?
3 1 1 7 2 ¢ x? 2 ¢ x?
AppellFl[f, IR ) ] /
4 2 2 4 pi+p2-4ac -b+Vb’-4ac

[(—b2+4ac) (b—m) [b+m) (-Fx)3/2 (a+bx2+cx4)3/2

3 1 1 7 2cx? 2cx?
-7ahAppellFl|[ =, —, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac

X2

7 1 3 11 2 ¢ x? 2 ¢ x?
b+x/b2—4ac]AppellF1[ y T —, - s ]+

4 b+vVb2-4ac -b++b2-4ac
(b7«/b274ac ) AppellF1|

)

2

1 11 2cx? 2 c x?

e 1))~
b-+/b?-4ac +2cx?

) J
4 b+rvVb2-4ac -b+vb2-4ac

b++/b?-4ac +2cx?

) )

2
3
2

BN B

(Zlabcdx3
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2 ¢ x2 2 ¢ x2
y - B ]
b +

b2-4ac -b+vb?-4ac

[(—b2+4ac) (b—\/m) [b+m) (fx)3/2 (a+bx2+cx“)3’/2

J )

AppellF1| =,

N |

1
2

-l>|w
NN

3 1 1 7 2 cx? 2cx?
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+b2-4ac

3 11 2 c x? 2cx?

7
b+«/b2—4acJAppellF1[ s T - s ]+
4  b+Vb2-4ac -b+Vb2-4ac

713

4 2 2

7 3 1 11 2 cx? 2 c x?
[bfx/b2—4ac)AppellF1[* e s ]]JJ

4 2 2 4 b+vVb?-4ac -b++b2-4ac
(7ab2ex3 (b—xlb2—4ac +2cx?

X2

b++/b>-4ac +2cx?

AppellF1| =,

J

N |

1 2 ¢ x2 2 ¢ x2 ]]/
) y k)
2 b+vb2-4ac -b+vb%2-4ac

[3 (-b2+4ac) (b—m] (b+m) (fx)*? (a+bx?+cxt)?

-l>|w
NN

3 1 1 7 2 cx? 2cx?
7aAppe11F1[— —y T Ty — ’ }*
4 2 2 4 pi+b -4ac -b+b2-4ac
7 1 3 11 2 c x? 2cx?
X2 b+«/b2—4acJAppellF1[f — =y — ’ ]+
4 2 2 4 pi+p2-4ac -b+V/b2-4ac
7 3 1 11 2cx? 2 c x?
[b7\/b274ac)AppellF1[* — = > - ) ]]]]
4 2 2 4 b+vVb2-4ac -b+Vb2-4d4ac
14a%cex’ |b-+/b>-4ac +2cx?| |b++/b>-4ac +2cx?
31 1 7 2 ¢ x2 2 ¢ x2
AppellFl[— N 5 ] /
4 2 2 4 p,/p2-4ac -b+Vb>-4ac

3 1 1 7 2 cx? 2cx?
-7ahAppellFl|[ =, =, =, —, - s |+
4 2 2 4 pi+b2-4ac -b+/b2-4ac
1 3 11 2 c x? 2cx?
x? b+«/b2—4acJAppellF1[7, —, =, —, - , ]+
4 2 2 4 b+vb2-4ac -b++yb2-4ac
7 3 1 11 2 cx? 2 c x?
[b—x/b2—4ac)AppellF1[f =, = , - , ]JJJr
4 2 2 4 b+vVb?2-4ac -b++vb%2-4ac
(99b2cdx5 b-+/b>-4ac +2cx?| |[b++/b?-4ac +2cx?
7 1 11 2 ¢ x2 2cx?
AppellFl|—, =, =, —, - }/
a 272" 4" b b dac beBT dac

7 (-b*+4ac) (b—x/b2—4ac] (b+x/b2—4ac) (Fx)3/2 (a+bx2+cx“>3/2
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7 1 1 11 2 c x? 2 ¢ x?
—11aAppellF1[—, =, T, — -~ s } +
4 2 2 4 brvVb2-4ac -b++vb2-4ac
11 1 3 15 2 ¢ x? 2 ¢ x?
X2 b+x/b2—4ac]AppellF1[—, = Ty — - s ]+
4 2 2 4 b+vb2-4ac -b+vb2-4ac
11 3 1 15 2 cx? 2cx?
(b—«/b2—4ac)Appe11F1[—, =, =, =, - }J]]—
4 2 2 4 b+\/b2—4ac b+ ~4ac
330ac?dx® [b-+/b?-4ac +2cx? (b+«/b2—4ac +2cx?
7 1 1 11 2 cx? 2 cx?
AppellFl[f —y Ty T — B }/
4 2 2 4 b+vVb?2-4ac -b+vVb%2-4ac

7 (-b?+4ac) (bfx/b2—4ac] (b+x/b274ac) (fx)3/2 (a+bx2+cx4>3/2

11 2 ¢ x2 2 ¢ x2
-11aAppellFi[—,

> T ) }"’

7
e - )
4’2" 2" 4 brvVb2-4ac -b+vb2-4ac

11 1 3 15 2 ¢ x? 2 ¢ x?
X2 b+x/b2—4ac]AppellF1[—, = Ty — - s ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 3 1 15 2 cx? 2cx?
(b—«/b2—4ac)Appe11F1[—, =, s, =, - }J]]_
4 2 2 4 b+\/b2—4ac b+ ~4ac
(33abcexS b-+/b?-4ac +2cx?| |b+~/b* -4ac +2cx?
7 1 11 2 cx? 2 cx?
AppellFl[f —y Ty T — B }/
4 2 2 4 b+vVb?2-4ac -b+vVb%2-4ac

7 (-b?+4ac) (bfx/b2—4ac] (b+x/b274ac) (fx)3/2 (a+bx2+cx4>3/2

11 2 ¢ x2 2 ¢ x2
T T T }"’

7
- - )
4’2" 2" 4 brvVb2-4ac -b+vb2-4dac

-11aAppellFi[—,

11 1 3 15 2 cx? 2cx?
x? b+x/b2—4ac]AppellF1[—, =, T, — - s ]+
4 2 2 4 b+vb2-4ac -b++vb2-4ac
11 3 1 15 2 cx? 2cx?
(b—«/b2—4ac)Appe11F1[—, —, =, - }J]J
4 2 2 4 b+\/b2—4ac b+ ~4ac

Problem 223: Result is not expressed in closed-form.

dx

J(fx)m (d+ex?)

a+bx2+cxt

Optimal (type 5, 194 leaves, 3 steps):
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ey -2cdbe J (fx)*"Hypergeometric2F1[1, ", 3, - —2ed ]
\/b%-4ac 2 2 b-+/b%-4ac
N
(bfx/b274ac ) f(1+m)
eZCdbe) £ x) 1" Hypergeometric2F1[1, LM, 3m o 2cxt
\/b%-4ac ( ) [ T2 2? b++/ b%-4ac ]

(b+\/b274ac ) f(1+m)

Result (type 7, 316 leaves):

Hypergeometric2F1[-m, -m, 1 -m, - -] (L>’m

id (fx)" RootSum[a + bu1®+ c 1% &,

x-#1 Xx-#l
&] +
2m bl +2cnld
1
e (f x)mRootSum[a+bH12+cH14 &, ————
bl +2cmld
2, 2,2 2 : H1 X 12
mxs+mex“+2mxsgl+m xtt1+2Hyper‘geometr‘1c2F1[—m, -m, 1-m, - ) 01+
X -Hl X - H1

1

X

m
3 mHypergeometric2F1[-m, -m, 1-m, - 1112 + m? Hypergeometric2F1 |

]
12 em [i)’mmz] &])/ (2m (1+m) (2+m))

H71

X - 71 X -l

=1 X

-m, -m, 1-m, -

X - fl X - 71

Problem 224: Result unnecessarily involves higher level functions.

dx

J(-Fx)'" (d+ex?)
(a+bx2+cx4)2
Optimal (type 5, 392 leaves, 4 steps):
(fx)¥™ (b2d-2acd-abe+c (bd-2ae) x?)
2a(b?-4ac)f(a+bx?+cxt)

+

(c (b(4ae+x/b2—4acd(1—m) —2a(«/b2—4ac e(l—m)+2cd(3—m) +b? (d-dm)
2
(-Fx)1”“Hyper‘geometr‘ic2F1[1, 1+m, 3+m,7 2cx }]/
2 2 b-+b2-4ac
(2a(b274ac)3/2 (bfx/b274ac]f(1+m)
(c [b(4aefx/b274acd(17m) +2a(«/b274ac e(lfm)fzcd<37m) +b2d(1fm)

B

2 2 b+vb?-4ac

(Za (b274ac)3/2 (b+«/b2—4ac ] f(1+m)

Result (type 6, 692 leaves):

2
(f x) """ Hypergeometric2F1|1, lem 3em . 2cX }]/
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1

ax (fx)"

- = b-+/b?-4ac +2cx?| |b++/b? -4ac +2cx?
4c (3+m) (a+bx +cx)

) 1+m 3+m 2cx? 2cx?
d(3+m)*AppellFl| —, 2, 2, s - s ] /
2 2 b+Vb2-4ac -b++b?>-4ac

1+m 3+m 2 cx? 2 ¢ x2
a (3+m) AppellFl[—, 2, 2, >~ ) ]‘
2

2 b+vb2-4ac -b++/b%2-4ac
3+m 5+m
(b+x/b2—4ac)AppellF1[%, 2, 3, ; ,
B , ] +

b—x/b2—4ac)
b+vVb2-4ac -b++/b2-4ac

5+m 2 c x? 2 cx? J])
4

[(1+m)

2 x?

2cx? 2 c x?

3+m
AppellFl[T, 3, 2, B

- 3
2 b+vVb2-4ac -b+vb2-4ac

5 3+m 5+m 2 ¢ x? 2 c x?
e (5+m) x AppellFl[i, 2, 2, > - ) ] /
2 2 b+vVb2-4ac -b++/b2-4ac

34m 5+m 2 ¢ x2 2 ¢ x2
] 2) 2: )

2 b+vb2-4ac -b+ib%2-4ac
2

5+m 7+m 2 ¢ x? 2cx
b+«/b2_4ac)Appe11F1[%,2,3, =, - ) |+

2 b+vb2-4ac -b+y/b%2-4ac

5+m 7+m 2cx? 2cx?
(b—x/b2—4ac]AppellF1[;, 3,2, —%, _ s }J]J
2 2 b+vb2-4ac -b++yb2-4ac

(a (5+m) AppellF1|

2 x?

Problem 225: Result more than twice size of optimal antiderivative.

j(fx)m <d+ex2) (a+bx2+cx4)3/2dlx

Optimal (type 6, 319 leaves, 6 steps):

[ad (fx)l*m«/a+bx2+cx4

1+m 3 3 34+m 2cx? 2 cx?
AppellFl[ > T Ty T T y y - ] /
2 2 2 2 b-+vb2-4ac b+vb2-4ac
2 ¢ x? 2 ¢ x?
f(1+m) 1+ —mMm—— 14— | + ae(fx)3*mx/a+bx2+cx4
b-+vb2-4ac b+vb2-4ac
3+m 3 3 5+m 2 ¢ x? 2 ¢ x?
Appe:l-lFl[ y T Ty T T y y - ] /
2 2 2 2 b-vVb2-4ac b+vVb2-4ac
3 2cx? 2 c x?
f (3+m) 1+ —— 1+ ——
b-+Vb%?-4ac b+Vb2-4ac

Result (type 6, 2559 leaves):
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[a (b—x/b2—4ac] (b+x/b2—4ac]d
b-+/b?-4ac +2cx?| |[b+~/b®2-4ac +2cx?

1 1 3+m 2cx? 2 cx? ]/

(3+m) x (Fx)"

1+m
AppellFl[T, -7 = s ]

2 2 2 b+vb2-4ac -b++vb2-4ac

1+m 1 1 3+m
8 c? (1+m) AJa+rbx?+cx?t 2a(3+m)Appe11F1[ i R :
2 2 2 2
2cx? 2 c x?
- s | +x2 (b+x/b274ac)
b+vb2-4ac -b+Vb2-4d4ac
3+m 1 1 5+m 2 cx? 2 cx?
Appe:l-lFl[ z > T T T . y - > }+(b*\/b274aCJ
2 2 2 2 b+vb2-4ac -b+vb2-4ac
3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
AppellFl[ > T T T, s - ’ +
2 2 2 2 b+vb2-4ac -b++yb2-4ac

(b (b—x/b2—4ac) [b+ b2—4ac)d(5+m) 2 (£x)"

(b+x/b2—4ac +2 ¢ x?
1 1 54m 2cx? 2 ¢ x2 ]]/
2 2 2 b++vVb2-4ac -b++b’>-4ac
[Sc2 (3+m) rJa+bx?+cx?

b-+/b?-4ac +2cx?

3+m
AppellFl|[——, -
2

3+m 1 1 5+m 2cx? 2 cx?
2a (5+m) AppellFl[—, - =, - =, , - , |+
2 2 2 2 b+vVb2-4ac -b+Vb2-4dac

7+m 2 c x? 2 cx?
y ) ]*

1
y
2 2 2 b+Vb2-4ac -b+yb%2-4ac
1
2

X2

5+m
[b—xlb2—4ac ) AppellFl[;,
2

7+m 2 cx? 2

)

_ , ] .
2 brvVb2-4ac -b+vVb2-4ac

(a [b—x/b2—4ac)[b+x/b2—4ac b-+/b>-4ac +2cx?
(b+x/b2—4ac +2c x>

3+m 1 1 5+m 2 cx? 2 c x?
AppellFl[i,—;,— ) , ]/

2 2 2 b+Vb2-4ac -b+vb%2-4ac
[Sc2 (3+m) Ja+bx®+cx*

e (5+m) x> (fx)"

3+m 1 1 5+m 2cx? 2 cx?
2a (5+m) AppellFl[——, - =, - =, , - B |+
2 2 2 2 b+vVb2-4ac -b+Vb2-4ac
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5 2 5+m 1 7+m 2cx? 2cx?
X b++/b —4acJAppellF1[—,——, s >~ ’ ]+
2 2 2 b+vVb2-4ac -b++vb2-4ac

1
2
5+m 1
[b—«/b2—4ac)Appe11F1[L, -
2 2

7+m 2cx? 2

e o
2 b+vVb*-4ac -b++vb2-4ac
({b—«/b2—4ac) (b+x/b2—4ac]d(7+m) x> (fx)" |[b-+/b?>-4ac +2cx?

[b+x/b2—4ac +2 ¢ x>

5+m 1 1 7+m 2 cx? 2 c x?
AppellFl[ R N ) b} ] /
2 2 2

- 3
2 b+rvb2-4ac -b++vb2-4ac
8c (5+m) \Ja+bx?>+cx?

3

1
)
2

c x?

5+m 1 1 7+m 2cx? 2cx?
2a(7+m)AppellF1[ s T T Ty s~ > }Jf
2 2 2 2 b+vVb2-4ac -b++yb2-4ac
7+m 1 9+m 2cx? 2cx?
x2 b+x/b2—4acJAppe11F1[;,——, : y - s |+
2 2 2 b+vb2-4ac -b++yb2-4ac

1
)
2
7+m 1
[b—x/b2—4ac)AppellF1[ : , =, -,
2 2

9+m 2 ¢ x? 2

e ew—ll|
y ) } +
2 b+vb%2-4ac -b+b2-4ac

(b (b—m) [b+w/b2—4ac b-/b> 4ac +2cx?
(b+m+2cx2
S5+m 1 1 7+m 2¢cx? 2cx?
AppellF1| e s ] /
2 2

2 b+vb*-4ac -b++/b?2-4ac
[Sc2 (5+m)Ja+bx?+cx?

1
2
c

e (7+m)x® (fx)"

5+m 1 1 7+m 2 cx? 2cx?
2a (7+m) AppellFl[—, - =, - =, , - , |+
2 2 2 2 b+vb2-4ac -b++Vb2-4ac

2 7+m 1 9+m 2 c x? 2 cx?
b++/b 74acJAppe11F1[ 5 e T >~ ) ]*

1

2 2 2 b+vb?2-4ac -b+/b%>-4ac
7+m 1
[b—xlb2—4ac)Appe11F1[ ! s -
2 2

9+m 2 cx? 2
3

_ , ] .
2 b+rvVb2-4ac -b+vVb2-4ac

({b b2—4ac)(b+x/b2—4ac b-+/b?>-4ac +2cx?

X2

3 )

1
2
c

e (9+m)x” (fx)"
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7+m 1 1 9+m 2cx? 2 ¢ x2
AppellFl[ 5 ,——,—;, >~ > ]/

2 b+vb?-4ac -b++b2-4ac
[Sc (7+m)+Ja+bx?+cx?

7+m 1 1 9+m 2cx? 2cx?
2a (9+m) AppellFl| —, - =, - =, , - s |+
2 2 2 2 b+vVb2-4ac -b++b2-4ac

9+m 1 11 +m 2cx? 2 c x?
+1/b%>-4ac ] AppellF1| P , - s |+
2

1
2 2 2 b+vVb2-4ac -b++vb2-4ac
+m 1 1
( -4/b 4ac)Appe11F1 —, s —
2 2 2
11 +m 2 c x? 2 cx?

s - ) ]
2 b+vVb2-4ac -b++vb>-4ac m

[l

Problem 226: Result more than twice size of optimal antiderivative.
J(-Fx)m (d+ex?) \/a+bx?+cx* dx

Optimal (type 6, 317 leaves, 6 steps):

Lom 2 2 1+m 1 1 3+m 2cx? 2cx?
d(fx)""\/a+bx®+cx AppellF1| s ——y =, y - s - ] /
2 2 2 2 b-+b2-4ac b+vVb2-4ac

2cx? 2 cx?
f(lem) [1+—" |14

-Vb%2-4ac b+vVb2-4ac

3+m 1 1 5+m 2 ¢ x?
(e (-Fx)3+m«/a+bx2+cx4 AppellFl[;,f*,f*, . y - s
2 _

2 2 2 b b2-4ac

2 cx? 3 2 ¢ x? 2 ¢ x?
——] / f (3+m) 14— (14—
b+vb2-4ac b-+vb2-4ac b+vb2-4ac

Result (type 6, 755 leaves):
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1

8 2 (3+m) Va+bx?+cxt
(b—xlb2—4ac) b++/b?>-4ac

b++/b?2-4ac +2cx?

b-+/b>-4ac +2cx?

x (fx)"

) 1+m 1 1 3+m 2cx? 2cx?
d<3+m> AppellFl[i,f*,f*, P > } /
2 22 2 b+rvb2-4ac -b+vb2-4ac
1+m 1 1 3+m 2 ¢ x? 2 ¢ x?
(1+m) 2a(3+m)Appe11F1[ s T T T, >~ > +
2 2 2 2 b+vVb2-4ac -b++yb2-4ac
3+m 1 1 5+m
2 (b+4/b2_4ac)AppellF1[;,—*, — - ’
2 2 2 2

2cx? 2 cx?
- s ]+[b—«/b2—4ac)
b+vb2-4ac -b+vb2-4ac

3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
AppellF1| s T - > - s ] *
2 2 2 2 b+vVb2-4ac -b++vb*-4ac
5 34m 1 1 5+m 2cx? 2 ¢ x?
e (5+m) x AppellFl[—, S N s~ > ] /
2 2 2 2 b+vVb2-4ac -b++vb*-4ac
3+m 1 1 5+m 2 ¢ x? 2 ¢ x?
2a (5+m) AppellFl{i, e >~ > +
2 2 2 2 b+vVb2-4ac -b++vb2-4ac

7+m 2cx? 2 c x? ]
+

1

e y - )

22 b+vVb2-4ac -b++vb2-4ac
1

)

2

X2

5+m 1
(b+x/b274ac)AppellF1[ 2o,
2 2

5+m 1
(b—\/b2—4ac]AppellF1[ : > —s -

2 2

7+m 2 c x? 2 cx? ]]]

)

- 3
2 b+Vb2-4ac -b+vb%2-4ac

Problem 227: Result more than twice size of optimal antiderivative.

£x)" (d+ex?
[ledioeesy
Vva+bx?+cx?

Optimal (type 6, 317 leaves, 6 steps):
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1+m 1 1 3+m 2 ¢ x? 2cx?
AppellFl[—, 5 T > - > - ] /
2 2 2 2 b-vVb2-4ac b+Vb2-4ac
3em 2cx? 2 ¢ x?
+ e (fx) 1+ 1+ ——————— AppellF1]

(-F(1+m) yJa+bx?+cx?

b-+vb2-4ac b+vb2-4ac

3+m 1 1 5+m 2 cx? 2 cx?

. s T T . s - }/('F3(3+m)x/a+bx2+cx4
2 2

- 3
2 2 b-+b2-4ac b+vVb2-4ac

Result (type 6, 728 leaves):

1 m 2 2 2 2
- 43/2ax(fx) b-+/b?-4ac +2cx b++/b?2-4ac +2cx
2c(3+m) (a+bx +cx)
) 1+m 1 1 3+m 2cx? 2cx?
d (3+m)?AppellF1] I , - , /
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
1+m 1 1 3+m 2 ¢ x2 2cx?
(1+m) [2a (3+m) AppellF1| , =, = , - s | -
2 2 2 2 b+vVb2-4ac -b+b2-4ac
5+m 2 ¢ x2 2 ¢ x2

2

| 81

X ) ) )

3+m 1 3
b+x/b2—4ac)Appe11F1[ 2,2

2 2 2

3+4m 3 1 5+m
(b—x/b2_4ac]Appe11F1[ =, 2, =, =,

2 2 2

2 ¢ x2 2 ¢ x2 ]

El
b+vb2-4ac -b++b2-4ac

5 3+m 1 1 5+m 2 cx? 2cx?
e (5+m) x> AppellF1| s T o ]/
2

2 2 2 b+vVb2-4ac -b+vb*-4ac

3+4m 1 1 5+m 2 ¢ x? 2 cx?
-2a (5+m) AppellFl[ > T T > - 5 ] +
2 2 2 2 b+vVb2-4ac -b++vb*-4ac
5+4m 1 3 7+m 2 ¢ x? 2 ¢ x?
x2 b+x/b274ac)Appe11F1[;, =, 2, 2 s
2 2 2 2 b+vVb2-4ac -b++vb2-4ac
3 1 7+m 2 ¢ x? 2 cx?
(b7«/b274ac]AppellF1[7, s T, i > = >
2.2 2 b+vVb2-4ac -b++b2-4ac

Problem 228: Result more than twice size of optimal antiderivative.

J (Fx)™ (d+ex?) ax
(

a+bx2+cx4)3/2

Optimal (type 6, 323 leaves, 6 steps):

+

2 b+vb2-4ac -b+y/b%2-4ac

+

)
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Lem 2cx? 2cx?
d(fx) 1+ —m——— 14—
b-+/b?-4ac b+vVb2-4ac
3 3 34+m 2 ¢ x2 2 ¢ x2
AppellFl[—) Ty T y - y - ] /
2 2 2 b-+vb2-4ac b+vb2-4ac
2 ¢ x2 2 ¢ x2
(aw‘:(1+m)x/a+bx2+cx4 + e(fx)s*m 1+ ————— [1+—————— AppellF1]
b-+vb2-4ac b+vb2-4ac
3+m 3 3 54+m 2 cx? 2 cx?

> y - > ~ } /(a-F3 (3+m) wa+bx2+cx4
2 2 2 2 b-+vb2-4ac b++Vb>-4ac

Result (type 6, 728 leaves):
1

a m _ 2 2 2 2
- o x(fx) b-+/b?-4ac +2cx b++/b?2-4ac +2cx
2c(3+m) (a+bx +cx)
) 1+m 3 3 3+m 2cx? 2cx?
d(3+m) AppellF1| s T > - s ] /
2 2 2 2 b+vVb? -4ac -b++vb2-4ac
1+m 3 3 3+m 2 ¢ x2 2cx?
(1+m) 2a(3+m) AppellFl[ s T T - s ]‘
2 2 2 2 b+Vb2-4ac -b+vb2-4ac
3+m 3 5 5+m
3 %2 (b+\/m) AppellF1| =, 2,2, 21T,
2 2 2 2
2cx? 2cx? 5
_ B ]+[b— b 74ac)
b+vb2-4ac -b++vb2-4ac
3+m 5 3 5+m 2 c x? 2cx?
AppellFl[ —, =, = > - s ] *
2 2 2 2 b+vb2-4ac -b++vb2-4ac
5 3+m 3 3 5+m 2 c x? 2 cx?
e (5+m) X AppellFl[ y T T > - > ] /
2 2 2 b+vb2-4ac -b+b2-4d4ac
3+m 3 3 5+m 2 cx? 2 cx?
2a (5+m) AppellFl[ s Ty T >~
2 2 2

3 x?

.
5+4m 3 5 7+m 2 ¢ x2 2 ¢ x2
b+x/b2—4ac)AppellF1[ ’ s T T ’ y - > }+
2 2 2
5+m
(b—x/b2—4ac]AppellF1[;,
2

2 b+vb2-4ac -b++/b%*-4ac
3 7+m 2 ¢ x2 2cx? ]]]
- k)
2 2 b+Vb2-4ac -b++b%>-4ac

Problem 259: Result unnecessarily involves imaginary or complex numbers.

J -
dx
(1+x2) 1+x4

Optimal (type 4, 70leaves, 4 steps):
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ArcTan[Fizx] (1+%2) J(l“:;)zEllipticF[ZArcTan[x}, 5]
1+x* >

- +

2+/2 4+/1+x4
Result (type 4, 40leaves):

(-1)** (—EllipticF[i ArcSinh[(-1)**x], -1] + E1lipticPi[-1i, i ArcSinh|[(-1)**x], —1])

Problem 260: Result unnecessarily involves imaginary or complex numbers.

J(l—xz)xm o

Optimal (type 4, 70leaves, 4 steps):

Ar‘cTanh[—*&] (1+x2) ey EllipticF[2ArcTan(x], 2]
1axd (1+XZ) 2
22 41"
Result (type 4, 36 leaves):

(-1)** (ELlipticF[i Arcsinh[(-1)**x], -1] - EllipticPi[i, Arcsin[(-1)**x], -1]

Problem 265: Result unnecessarily involves imaginary or complex numbers.

2

X
J dx
(1+x2) V-1-x*

Optimal (type 4, 74 leaves, 4 steps):

Ar‘cTanh[%] <1+x2) lﬁ EllipticF[ZAr‘cTan[x], ﬂ

- +

2+/2 4a~-1-x4
Result (type 4, 60 leaves):
1 (_1)1/4 1+ x4
V-o1-x4

-EllipticF [ Arcsinh[(-1)**x], -1] + ELlipticPi[-i, i ArcSinh[(-1)**x], -1]]

Problem 266: Result unnecessarily involves imaginary or complex numbers.

2

X
J dx
(1—x2) -1-x4

Optimal (type 4, 74 leaves, 4 steps):
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ArcTan[ 22| (1+x2) /(11—") E1lipticF[2 ArcTan[x], ]
1t +X

22 4~-1-x*
Result (type 4, 56 leaves):
_r
Vo1-x4

(—1)1/4 A1+ x4 (EllipticF{i Ar‘cSinhH—l)l/4 x|, -1] - EllipticPili, Ar‘cSin[(—l)a/4 x|, —1})

Problem 310: Result is not expressed in closed-form.

1

Jm (d+ex?) (a+bx?+cx?)

dx

Optimal (type 3, 866 leaves, 19 steps):

c3/4 (ch _ (b—\/m) e) ArcTan | ( jijfm ]
“b-+/b>-dac | ~F

2V4+/b2-4ac (—b—\/b2—4ac )3/4 (cdz—bde+ae2> NG

c3/4 (chf (b+m) e) Ar‘cTan[ 21/8 /e X }

1/4 7/4 f2 el/4 ff X
2 —
-b+y/ b*-4ac ] \F e ArcTan [1 N ]

+

2467 -4ac (-b+/o7-dac |’ (cdi-bderael] VF VZ & (cd-bderae) VF

c3/4 (2c d- (b - \/m) e) ArcTanh | 2/ /[ Fx ]

u"‘\: 1/4
e’/ ArcTan|[1 + de/z:\/?fx] [fb—«/bZ—Aac TE

N
V2 d¥4 (cd®-bde+ae?) /f 24\b2 _gac (_b_m)“ (cd?-bde+ae?) \/f

c3/4 (ch— (b+\/m) e) ArcTanh | [ ji;i(m ]
“bin/b2-dac | VF

21/4+/b2-4ac (—b+\/b2—4ac )3/4 (cdz—bde+ae2) NE
e7/4Log[\/?\/?+\/?\/?x—\/?d1/4e1/4m]
2+/2 d¥* (cd®-bde+ae?) \/f

e’/*Log[V/d f +Ve VF x++/2 di/*et/ /x|
2+/2 d¥4 (cdz—bde+ae2) NG

+

Result (type 7, 267 leaves):
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V7 el fx

d1/4

Vx [V2 774 -2ArcTan[1 - | +2ArcTan|1 +

Vd -2 dY4 et x e x] +Log[ﬁ+\/?d1/4e1/4\/?+\/?x}J - 2.d*/* RootSunm|

a+bml*+ c1® g,

~cdLlog[Vx -#1] +belog[Vx -t1] +celog[V/x -#1]H1* &}J]/

bxl3+2cH1’

(4d3/4 (cd2+e (—bd+ae>) m)

Problem 316: Result unnecessarily involves imaginary or complex numbers.
Jx“\/1+2x2+2x4

3+2x2

dx

Optimal (type 4, 424 leaves, 17 steps):

ﬁ\
X

1 109xVi+2x?<2x* 3
S Sx (13-6x2) \J1e2x2 2% e e 215 ArcTan| ————— ] -
60 602 (142 %2 16 Vii2axie2x
) 1+2x%>+2x4 L. 14 1
109 (1++2 x?) | =" EllipticE[2ArcTan[2"*x], ~ (2-V2 |] /
2)2 4
(1+\EX)

+

(6@ 234 J1+2x%+2x*

1+2x%+2x8
(-70+263V/2 ) (1472 X PSR T SX EllipticF[2 ArcTan[2V4x],

1
(1+\/?X2)2 4

+

(69 23/4 (—2+3x/2 ) J1+2x242x

1+2x%2+2x4

15 (3442 (142 X ﬁ Ellipticpi[i (12-11V2 ),
1+\/?X22

2ArcTan[2Y4x],

(2-V2 )] /(16 224 (2-3v2 ) m)

FNQNFN

Result (type 4, 209 leaves):
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1
-52x-80x>-56x>+48x’ -

2401+ 2x2+ 2%
2185 V1-1 /1+ (1-1)x? \/1+ (1+i)x? EllipticE[iArcSinh[vVI- i x|, i] -
(199 -4174) VI-1 /1+ (1-i)x? [1+ (1+1i) x? EllipticF[iArcSinh[vVI-i x|, ]+

225 (1-1)%2 /14 (1-1) %2 \[1+ (1+1) 3 EllipticPi[ S+ =, i Arcsinh[vI=1 x], i]
303

Problem 317: Result unnecessarily involves imaginary or complex numbers.
JXZ\/1+2x2+2x4

34+2x2

dx

Optimal (type 4, 417 leaves, 13 steps):

~

X
1 7xV1l+2x2+2x4 1

Sxaf1le2x2+2x* - - =4/15 Ar‘cTan[—}Jr
6 6+/2 (1“/2 xz) 8 Vis2xZi2x

7 <1+\/7x2) de2xtaxt EllipticE[2ArcTan[2V/4x], & (2—\/7)}
(1+\/7X2)2 4

6 23/4+/1+2x%2+2x*

2 4
(-4+17V2) (1442 %) 12X 2X e iptick [2ArcTan |24 x], © (

(1+\/?X2)2 4

(5 23/4 (_2+3\/7) N1+2x2+2x

2-v2)]|/

1+2x2+2x4

3+\E) (1+\/7X2) ﬁ EllipticPi[i (12711ﬁ),
1+\/?X2 2

5

2ArcTan[2Y4x],

(2-V2 ] /(s 24 (2342 | J1e2x2 2

FNQRN

Result (type 4, 204 leaves):

Ax+8x>+8x°+143i\1 1 \[1+ (1-i)x® \[1+ (1+1)x® EllipticE[iArcSinh[vV1-1 x], i] +
(13-274) VI 1+ (1-1) \[1+ (1+1)x® EllipticF[iArcSinh[vV1-1 x], i] -
15 (1-8)¥2. 1+ (1-1) % (J1+ (141) %2

L
EllipticPi[ =+ —, i ArcSinh[V1-1 x|, i])/ (24«/1+2x2+2x4
303




Mathematica 11.3 Integration Test Results for 1.2.2.4 (f x)™"m (d+e x~"2)~q (a+b x"2+c x~4)~p.nb | 87

Problem 318: Result unnecessarily involves imaginary or complex numbers.
JV1+2X2+2X4

34+2x2

dx

Optimal (type 4, 381 leaves, 7 steps):

5
\/1+2x2+2x4 \/3
ArcTan
1+

V2 (142 Vis2xTe2xd
(1+\/7x2) 1282 E11ipticE[2ArcTan[2V4x], & (2—\/7)]
(1+\/7X2) 4
.
2341 +2x%+2x4
2 4
224 (1442 5] 22X 2X e iptick [2ArcTan 24 x], © (2-V2]] /
(1+\/?X2)2 4

(B Nerrarrap

1+2x%2+2x4

5(3+v2 ) (1472 %) ﬁ EllipticPi[i(
1+\/?X2 2

12711ﬁ),

2Ar‘cTan[21/4x],i(2—\/7)] /(12 224 (232 w/1+2x2+2x4)

Result (type 4, 127 leaves):
-([\/1+ (1-1) % [1+ (1+1) X

((3+31’1) EllipticE[iArcSinh[+/1-1 x|, i] - (3+6i) El1lipticF[iArcSinh[/1-1 x|,

1

i]+54EllipticPi| ~ + : iArcSinh[/1-1i x|, j}))/[6\/1—j \J1+2x2+2x8

3 3

Problem 319: Result unnecessarily involves imaginary or complex numbers.
j\/1+2x2+2x4 B

x2 (3+2x2)

X

Optimal (type 4, 399 leaves, 8 steps):
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5
= X
Vi+2x2+2x% V2 x1+2x2+2x4 1 5 \ 3 1
- + - = | = ArcTan| -
3 x 3(1+\/7x2) 6\ 3 Vit2xZi2x8 3vV1+2x212%
1+2x2+2x4 1
V4 (14042 ¢) | ST ST Elliptice [2AncTan [244x], © (222 )] +
( 2)2 4
1+\/?X)

32 (1472 %) m EllipticF [2 ArcTan[2Y4x], 43 (2-V2]] /

1+2x%2+2x4

(1+\/7X2)2

(21 24 J1+2x%+2 x4

+ 5(3+\/7)2(1+\/?X2)

EllipticPi| (12-11V/2 ), 2ArcTan[24x], : (2-V2 )] / (252 2144 [1+2x2 + 2

24 4

Result (type 4, 208 leaves):

~6-12x>-12x* -

611 1 xy/1+(1-i)x? \[1+ (1+i)x? EllipticE[iArcSinh[vI- i x|, ]+
(9-3i) VI-1 x+/1+(1-1)x® [1+ (1+1i)x* EllipticF[iArcSinh[1-1i x], i] -
5 (1-0)>2x\[1+ (1) x2 \[1+ (1+i) %2

EllipticPi[lJr : iArcSinh[v/1-1 x|, j])/
3

3

18x+/1+2x%+2x*

Problem 320: Result unnecessarily involves imaginary or complex numbers.
J\/1+2X2+2X4

x4 (3+2x2)

dx

Optimal (type 4, 360 leaves, 7 steps):
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El
3

+2x2+2x4
- ArcTan| ————— ] -
+2X2+2X4

(1472 %) ﬁ EllipticF[2ArcTan[2V/4x], I (2-+/2 )]

9 2V4~1+2x2+2x*

1+2x%2+2x4

5 (3+\/?) (1+\/7x2) m EllipticF|2ArcTan|[2V*x], 41 (2—\/?)] /

1+2x%2+2x4

(1+\EX2)2

2
(63 214 J1.2x2 2% | - 5(3”/2) (1+\/2 x2)

EllipticPi| - (12-11V/2 ), 2ArcTan 24 x], : (2-V2)] / (378 2V4 12+ 2x*
4

24

Result (type 4, 154 leaves):

([3+6X +6 x4 +3 3/2 3\/1+ —]'1>X2 \/1+(1+J'1)X2
EllipticF[iArcSinh[vV1-1 x|, i] -5 ( )32 3\/1+ (1-1) x? \/1+ (1+1) x?

27x3+/1+2x2+2x4

Ellipticpi[1+ L iArcSinh[1-1i x|, 1])/
3 3

Problem 321: Result unnecessarily involves imaginary or complex numbers.
j\/1+2x2+2x4

X8 (3+2x2)

dx

Optimal (type 4, 546 leaves, 13 steps):
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V1+2x2+2x4 4\/1+2X2+2X4 4\/1+2X2+2X4

- + - +

15 x° 135 x3 45 x

5
= X
42 xV1+2x2+2x4 2 5 N\ 3
- — —Ar‘cTan[——
3

]
45 (1+\/7x2) 27 Vit2x2+2x

2 4
4 2Y% (1442 %) 12X 2 e liptice 2 ArcTan |24 x], © (2-V2 )] /
(1+\/?X2)2 4

+

(45«/1+2x2+2x4

1+2x%+2x4

5 2L/ (5—3\/7) (1+ﬁx2) ﬁ EllipticF[2ArcTan[2Y%x], 41 (2-\/?)} /
1++2 x?

(189w/1+2x2+2x4)—

2V4 (19-2+27) (142 %) EREL L EllipticF[2 ArcTan[2V4x], 1(2-\/7)} /
(1+\/?X2)2 4
(135w/1+2x2+2x4)+ 5 (3472 )% (1472 %) EREI L
(1+\/7X2)2
EllipticPi[i(12—11\/?),2Ar'cTan[21/4X},i(Z—\/?)} /(567 V4 12+ 2%

Result (type 4, 224 leaves):
1

405 x>/ 1+2x2+2x*
36iV1-1 xs\/1+(1—1 \/1+ (1+1) x? EllipticE[iArcSinh[vV1-1i x], i] -

(12+244) VI & x*\[1+ (1-4)x? \[1+ (1+1) x? EllipticF[i ArcSinh[v1 -1 x] i]+
0 (1-1)22x5 \[1+ (1-1)x% [1+ (1+1) % EllipticPi >+ =, i Arcsinh[vI- % x], i]

3 3

27 +42 %%+ 66 X* + 48 X8 + 72 x® +

Problem 327: Result unnecessarily involves imaginary or complex numbers.

sz (1+2x2+2x4)3/2 ;
X

3-2x2

Optimal (type 4, 463 leaves, 19 steps):
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213 2211 XV1+2x2+2x4
XA/1+2x%+2x* —x AJ1+2x2+2x4 -
140 /2 (1+\/ x2)

[ 12
1 17 3
X (1+2x2+2x4)3/2+—\/51 ArcTanh| ————
14 16 V1+2x2+2x4

|+

2 4
2211 (1442 2] | 220 Enniptice [2areTan[2V4x], & (2-v2 )] /
(1+\/7X2)2 4

(140 234 J1+2x%2+2x4

3 (514427172 ) (142 %) EREL L EllipticF[2ArcTan[2V4x], = (2-V2]] /
(1+\/?X2)2 4

(140 23/4 (2+3\/2 ) J1+2x2+2x

289 (3—\/7) (1+\/7x2) 1r2xte2xt E111pt1cP1[

PR » (12+11V2 ),

2ArcTan[2Y4x],

(2-V2 )] /(16 224 (24342 \/1+2x2+2x4)

FNQUPN

Result (type 4, 214 leaves):
1

560 V1+2x2+2x4
4422 i\/1-1 \[1+ (1-1) % \[1+ (1+1i)x® EllipticE[iArcSinh[vV1-i x|, i] -
(9669—52471’1 J VI3 ~f1+(1-d)x? \[1+ (1+1)x® EllipticF[iArcSinh[vI- i x], i+

10115 (1-1)%2\[1+ (1) x? \[1+ (1+i) %2 EllipticPi — - -, i ArcSinh[vI 1 x|, i]
3 3

-892 x - 2080 x> - 2456 x> - 752 x” - 160 x° +

Problem 328: Result unnecessarily involves imaginary or complex numbers.

dx

J(1+2x2+2x4)3/2

3-2x2

Optimal (type 4, 428 leaves, 12 steps):
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17

X
1 5 2 . le3xvi+2x?+2x* 17 [17 ?
- x (9+2xX2) AJ1+2x7+2xt - +— | = ArcTanh[—————] +
3

10 10\/?(1+\/7x2> 8 Vie2x2+2x4

1+2x%2+2x4

(1+\/?X2)2

[1@ 234 J1+2x%+2x*

103 (1+\/7x2> EllipticE[2ArcTan[2Y%x], 1 (Z—W)] /
4

1+2x2+2x4

(66+383 \/7) (1+\/7x2) m EllipticF[2ArcTan[2Y4x], i (2—\/7)] /

(1@ 23/4 (2+3\/7) J1+2x2+ 2%

1+2x%2+2x*

289 (3-V2 ) (142 0] | EllipticPi[ — (12+11V2 ),
(1+\/7X2)2 24

1
2ArcTan([2V4x], = (2-V/2 ] /(24 24 (2432 ) (142X 2
4

Result (type 4, 209 leaves):
1

120 V1+2x2+ 2%
618 V1-1 +/1+ (1-i)x? /1+ (1+i)x? EllipticE[iArcSinh[vVI- i x|, i] -
(1371-7534) VI -1 [1+ (1-i)x? [1+ (1+i)x? EllipticF[iArcSinh[vV1-1 x], i]

1445 (1-1)22 1+ (1) x2 \[1+ (1+1) %2 Ellipticpi[- = - =, i Arcsinh[VI -1 x], i]
303

~108 x - 240 X3 - 264 X° - 48 X’ +

Problem 329: Result unnecessarily involves imaginary or complex numbers.

3/2

dx

j(1+2x2+2x4)

x2 (3—2x2)

Optimal (type 4, 722 leaves, 13 steps):
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(1+x2>\/1+2x2+2x4 17xV1+2x2+2x4
N

3x 372 (142 %)

— X
V2 xvVi1i+2x2+2x4 17 |17 3
+ = —Ar‘cTanh[—}+
3

3(1+\/7x2) 12 V1+2x2+2x4
2 4
17 (1442 %) 22X 2X e liptice 2 ArcTan |24 x], © (2-V2]] /
(1+\/?X2)2 4
[3 224 1+2x%+2x* | - !
3vV1+2x2+2x4
2 4
21/4 (1+\/7x2) 1r2xivaxt EllipticE[2ArcTan|[2V*x], 1 (2—\/7)} +
(1+\/7X2)2 4

(1472 %] ﬁ EllipticF [2 ArcTan[2V/%x], 1 (2-+/2 ]

3234+ 1+2x2+2x4

1+2x2+2x4

289 (3-V2 | (1472 %] ﬁ EllipticF[2 ArcTan[2V4x], 41 (2-V2 )] /
1++/2 x2

(84 24 J1+2x%+2x*

1+2x2+2x4

17 (5442 ] (1+V2 x| m EllipticF [2 ArcTan[2V4x], i (2-V2]] /

1+2x2+2x4

—289(11—6\/7) (1+\/7x2> ( o )2
1++/2 x2

(12 24 J1+2x?+2 x4

Ellipticpi[i (12+114/2 ), 2ArcTan 214 x],
24

(2-v2)] /(504 21414 2x2 2%

H R

Result (type 4, 213 leaves):
1

36 xV1+2x%+2x
9011 x+/1+ (1-i)x* \[1+ (1+i)x? EllipticE[i ArcSinh[v1-1 x], i] -
(255-1651) VI-1 x+/1+ (1-1)x* 4[1+ (1+1)x® ELlipticF[iArcSinh[vI-1 x], i+

289 (1-1)%2x 1+ (1-1) % \[1+ (1+1) EllipticPi[ = - =, i Arcsinh[vI~ 1 x|, i]
33

~12-36x%>-48x*-24 x5 +
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Problem 330: Result unnecessarily involves imaginary or complex numbers.

dx

J(1+2x2+2x4)3/2

x4 (3—2x2)

Optimal (type 4, 625 leaves, 13 steps):
2v/1+2x2+2x% (1-8x*) Vi1+2x?+2x

+

X 9 x3
17
Vi@ 28 3
V2 xV1i2x2+2x +E EAchanh[ I - 1
9(1+ﬁx2) 181 3 Vi+2x2+2x*  9v1+2x2+2x4
2 4
2Y4 (1442 %2) 12X 23X ey yiptice [2AncTan[2M4x], (2-v2)]+
(1+\/7X2)2 4
2 4
289 (3-+2 | (1+v2 2] | T 7T Enniptick [2ancTan[24x], & (2272 )] /
(1+\/7X2)2 4
(126 24 1+ 2x2 + 2%t
2 4
17 (5+\/7) (1+\/7x2) 1raxt+2x? EllipticF |2 ArcTan[2Y%x], 1 (Z—W)] /
(1+\/?X2)2 4
1
[18 24\ J1r2x2 e 2x* |+
9vV1+2x%2+2x4
2 4
21/4 (9+5\/7) (1+\/7x2) 1r2xr2x EllipticF[2ArcTan[2Y%x], 1 (2—\/7)] -
(1 \/sz)z 4
+

1+2x2+2x4

(1+\/7X2)2

289 (11—6\/?) (1+\/7x2)

1
EllipticPi[ — (124112 |, 2ArcTan[2Y%x],
24

(2-V2 )] /(756 214142, 2%

» R

Result (type 4, 219leaves):
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1

54x3V1+2x2+2x%
6iVI-1 x/1+(1-i)x? \[1+ (1+i)x? EllipticE[iArcSinh[vVI-i x|, i] -
(195-2014) VI-1 x3+/1+ (1-1)x® [1+ (1+1i)x® EllipticF[iArcSinh[vI-1 x], i]+

289 (1-1)%23 1+ (1-1)x% \[1+ (1+1) %2 EllipticPi[- = - =, i Arcsinh[vI-1 x|, i]
303

-6-72x%-132x*-120x° -

Problem 331: Result unnecessarily involves imaginary or complex numbers.

(1+2x2+2x4)%2
J dx

Xt (3-2x2)
Optimal (type 4, 553 leaves, 15 steps):
741+ 2x2 v 2x* 2621+ 2x2+2xt (3+40X7) V1+2xP 2t

135 x3 135 x 45 x°

+

17

— X
26242 xV1+2x2+2x4 17 |17 3
+ — Ar‘cTanh[—
3

135 (1“/2 XZ) 27 Vit2x2+2x

1+2x%2+2x4

(1+\/?X2)2

262 2174

142 x| EllipticE[2ArcTan[2V4x], = (2-v2)] /
4

(135\/1+2x2+2x4)+

g5  23/4 (3—\/7) (1+\Ex2) 1r2xte2xt EllipticF[2 ArcTan[214x], 1 (2—\/7)] /
(1+\EX2)2 4

(189\/1+2x2+2x4)+

2 4
294 (3742312 ) (142 %) 12X 22X e liptick [2AncTan 224 x], (2-V2 ] /
1+\EX2)2 4

1+2x%2+2x4

(1+\/?X2)2

~ |289 (11—6\5) (1+ﬁx2)

(135x/1+2x2+2x4

EllipticPi| S (12 +11 \/7) , 2ArcTan |24 x],
24

(2-V2)] /(1134 21414 2% 4 28

N

Result (type 4, 224 leaves):
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1

405 x> V1 +2x%+2x*

[27+192x2+1116x4+1848x6+1572x8+786J’1\/1—Ji xs\/1+ (1-1) %2 \/1+ (1+1)

EllipticE[iArcSinh[+/1-1 x|, i]+ (543-13294)/1-1 x*/1+ (1-1)x?
1+ (1+1) x* EllipticF[iArcSinh[vV1-1 x|, i]-1445 (1-1)%2x°

J1e(1-1)% (f1e (141) 22 EllipticPi = - =, i Arcsinh[vI- 1 x|, j]]
3

3

Problem 337: Result unnecessarily involves imaginary or complex numbers.

4

J X dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 418 leaves, 4 steps):

5
3

T T 3ﬁ(3_ﬁ)””a”{m]
272 (1442 %) 4(2-3+2]

X

(1472 %] ﬁ EllipticE [2 ArcTan[2V/%x], 1 (2-/2 ]

2 2341 +2x%2+2x

1+2x2+2x4

(1+\/7X2)2
(z 23/4 (2-3%7) Ji+2x22x

1+2x2+2x4

(1+\/7x2)2

2 iptic rcTan[214x], © (2-
(1-3V2) (1472 %) EllipticF[2 ArcTan[2 },4(2 \/?)]/

+

3(3+\/7) (1+ﬁx2)

EllipticPi| S (12 11 ﬁ) ,
24

ZAPcTan[Zl/“x],i(z—\/?)] /(8 24 (2-372 | \J1e2x2 12

Result (type 4, 127 leaves):
_([\/1+ (1-1) % [1+ (1+1) %

((1“1) EllipticE[iArcSinh[+/1-1 x|, i]| - (1+4 i) EllipticF[iArcSinh[/1-1i x|, i]+

, i ArcSinh[v1-1i x], 1})]/ [4Vﬁwll+2x2+2x4

3i EllipticPi|

+

[
1
3

i
3
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Problem 338: Result unnecessarily involves imaginary or complex numbers.

XZ
J dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 247 leaves, 3 steps):

El X
1 |3 3
- — - Ar‘cTan[—]—
435 V1+2x2+2x4

2 4
1r2xt+2x7 EllipticF[2ArcTan[2V*x], : (2*\/?)] /
4

(1+\/?X2)2

3:9Z) (197 %)

1+2x2+2x4

(1+\/7X2)2

+ (3+\/?)2 (1+\EX2)

[14 224414 2x%+2x*
1
(12-11V2 ), 2ArcTan[24x], = (2-V/2 ] /(56 24 [1+25x2 + 2%

N

AP
EllipticPi| —
4

24

Result (type 4, 99 leaves):

! (1472 10 (1-4) ¢ 1+ (1+4) %
41 +2x2+2x4
(EllipticF[i ArcSinh[v/1-1 x|, i] —EllipticPi[l+ E, iArcSinh[v/1-1 x|, i]
3 3

Problem 339: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(3+2x2) V1+2x2+2x4

Optimal (type 4, 245 leaves, 3 steps):
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ww
x
[E—

ArcTan |

A/ 1+2 x%2+2 x4
215

+

1+2x%2+2x4

EllipticF[2ArcTan|[2V*x],

(3:32) [1+v2 %) :
(1+\/7X2)2 4

1+2x%2+2x4

(1+\/?X2>2

(2-V2)] /(84 2Y4 14 2%+ 2%

- (3+v2) (142 %)

[14 24 1+ 2x?+2x*

FQNFN

EllipticPi| - (12-11V/2 ), 2ArcTan 24 x],
24

Result (type 4, 80 leaves):

-([1 Jie(1-1) % (J1s (1+4) % Ellipticpi[§+

(3\/1—1’1 A1+v2x2e2xt

, i ArcSinh[vV1-1 x|, i]]/

i
3

Problem 340: Result unnecessarily involves imaginary or complex numbers.

1

sz (3+2x%) V1+2x2+2x*

Optimal (type 4, 399 leaves, 6 steps):

dx
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ww
x
[E—

ArcTan |
V1+2x2+2x4 \/?X\/1+2X2+2X4 A 142 x242 x4 1
_ N _ _
3 x 3 (1+\/7x2) 3+/15 371 2x2+ 2%
2 4
21/4 (1+\/7x2) 1e2x7:2x0 EllipticE[2ArcTan[2Y*x], 1 (2—\/7)} +
(1+V7X2)2 4

5-3+/2 ) [1+/2 x2 MEllitiFZAr‘Tnzl/“x,l 2-+/2
-3 10T ) | S szt 2-97))

1+2x2+2x4

(1+\/7X2)2

+ (3+\/7)2(1+\/7X2)

(21 234 J1+2x%+2x4

EllipticPi| (12-11V/2 ), 2ArcTan[24x], : (2-V2 )] / (126 2141422+ 2
4

24

Result (type 4, 147 leaves):
7([]1 (73]1 (1+2x2+2x*) «v/1-1i x\/1+ (1-1) % \/1+ (1+1) %

(3 EllipticE[i ArcSinh[+/1-1 x|, i] -3 EllipticF[i ArcSinh[vV1-1 x|, i] -

(1+4) EllipticPi| =+ 9x/1+2x%+2x*

1
3

, i ArcSinh[v/1-i x], 1})])/

3
Problem 341: Result unnecessarily involves imaginary or complex numbers.

1

Jx4 (3+2x2) V1+2x2+2x4

dx

Optimal (type 4, 422 leaves, 7 steps):
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wlw
x
f—

2 ArcTan|
Vis2x2+2x4d 2+/1+2x2+2x4 24/2 xV1+2x2+2%8 J12axtaxt
- + - + +
9x? 3 x 3 (142 %) 9/15
2 4
! 2 24 (1+\/7x2 1r2xiraxt EllipticE[2ArcTan[2Y*x], 1 (2—\/7)} -
3v1+2x2+2x4 (1+\/7X2)2 4
2 4
(1+19V2 ) (1472 »] 22X 2X e iptick [2ArcTan |24 x], © (2-V2]] /
4

(1+\/?X2)2

1+2x2+2x4

(1+\/7X2)2

[63 24 J1r2x2v2x* | -

3:3Z) (1:vZ %)

EllipticPi| (12-11V/2 ), 2ArcTan[24x], : (2-V2 )] / (189 2141422+ 2
4

24

Result (type 4, 219leaves):
1

27x3V1+2x2+2x4
18i VI3 X1+ (1-1)x® \/1+ (1+1)x EllipticE[iArcSinh[v1-1 x], i] -
(3+154) VI-1 x33/1+ (1-i)x? /1+ (1+i)x? EllipticF[iArcSinh[vI-i x|, i]

2 (1-1)%253 14+ (1-1) % [1+ (1+1) X Ellipticpi[ > + &, i Arcsinh[vI-1 x], i]
303

~3+12x%2+30x*+36x°%+

Problem 348: Result unnecessarily involves imaginary or complex numbers.

XS
dx
J(3+2x2) (1+2x2+2x4)3/2

Optimal (type 4, 449leaves, 10 steps):
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5
5 x
x3 (1-2x?) 1 2 7 XV1+2x2+2x 27 |3 \ 3
+—xAJ1+2x2 424+ +— | = ArcTan[———— ] -
5

20/1+2x2+2x4 20 10\/?(1+\/7X2) 80 Vit2x2+2x

(1472 %] ﬁ Elliptick[2 ArcTan[21/%x], 1 (2-+/2 ]

10 2344142 x%+2x4

(-2+7V2 ) (142 %] ﬁ EllipticF[2 ArcTan[24x], i (2-V2 )] /

(8 23/4 (—2+3w/2 ) J1+2x2+2x

1+2x2+2x4

+

27 (3+\/7) (1+\/7X2)

Ellipticpi| — (12-11V2 ),

(1+\/?X2)2 24

2ArcTan[2Y4x],

(2-V2 )] /(80 224 (2-3v2 ) m)

FNQUPN

Result (type 4, 199 leaves):

ax+125% -4iVI-1 ([1+ (1-i)x2 \/1+ (1+1) x> EllipticE[iArcSinh[v1-1 x], i] -
(29-334) VI-i 1+ (1-4i)x® [1+ (1+i)x? EllipticF[iArcSinh[1-1 x], 1] +
27 (1-1)22 1+ (1-1) 2 1+ (1+1) %

L
EllipticPi[~ + —, i ArcSinh[vV1-1 x|, ]1])/ (80\/1+2x2+2x4
303

Problem 349: Result unnecessarily involves imaginary or complex numbers.

6

J X dx
(3+2x2) (1+2x2+2x4)3/2

Optimal (type 4, 423 leaves, 8 steps):
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|'s
2 x
X (1-2x%) XV1+2x2+2x4 9 3 3
- = ArcTan|
5

. 2 I I
20vV1+2x2+2x%  10+/2 (1“/2 xz) 40 Vit2x2+2x

(1472 %] ﬁ Elliptick[2 ArcTan[21/%x], 1 (2-+/2 ]

10 2344142 x%+2x4

1+2x2+2x4

(2% + 23%) (1+\/7x2) m EllipticF[2ArcTan|[2V*x], 41 (2—\/7)] /

(8 (—2+3V7) J1+2x2 2%

1+2x2+2x4

9(3+\/7) (1+ﬁx2)

EllipticPi| S (12 -1 ﬁ) ,

(1+\/7X2)2 24

2ArcTan[2Y4x],

(2-V2 )] /(40 224 (2-3v2 ) m)

FNQUPN

Result (type 4, 199 leaves):

2x-4x3-2iV1-1 \[1+(1-3)x® \/1+ (1+1) x> EllipticE[iArcSinh[vVI-1 x], i] +
(8-6i)VI-1 /1+(1-1)x® \/1+ (1+i)x® EllipticF[iArcSinh[vV1-i x|, i] -
9 (1-1)¥2J1+ (1-4i)x® J1+ (1+1) %2

L
EllipticPi[~ + —, i ArcSinh[vV1-1 x|, ]1])/ (40\/1+2x2+2x4
303

Problem 350: Result unnecessarily involves imaginary or complex numbers.

4

J X dx
(3+2x2) (1+2x2+2x4)3/2

Optimal (type 4, 422 leaves, 8 steps):
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P
X

x (2+x?) xV1+2x2+2x4 3 |3
+ = ArcTan|
5

B ) 3 N
10V1+2x212%% 10\/7(1+\/7x2) 20 Vi1+2x2+2x

(1472 %] ﬁ Elliptick[2 ArcTan[21/%x], 1 (2-+/2 ]

10 2344142 x%+2x4

1+2x2+2x4

(2+\/7) (1+\/7x2) EllipticF[2ArcTan|[2V*x], 1 (2—\/7)] /

2
(1+\/2 xz) 4
(4 23/4 (—2+3w/2 ) J1+2x2+2x

+

1+2x%+2x4 1
trexrex EllipticPi[— (12—11 ﬁ),

(1+\/7X2)2 24

(2-V2 )] /(20 224 (2-3v2 ) m)

3(3+\/7) (1+ﬁx2)

2ArcTan[2Y4x],

FNQUPN

Result (type 4, 199 leaves):
—( ax+2x3+iVI-1 ([1+(1-d)x® \[1+ (1+1)x® EllipticE[iArcSinh[v1-1 x], i]

(1-24)VI-1 J1+ (1-1) % \[1+ (1+1i)x* EllipticF[iArcSinh[vV1-i x|, i] -
3(1-1)72 1+ (1-3) %2 1+ (1+1) 53

L
EllipticPi[~ + —, i ArcSinh[vV1-1 x|, ]1])/ (20\/1+2x2+2x4
303

Problem 351: Result unnecessarily involves imaginary or complex numbers.

2

J X dx
(3+2x2) (1+2x2+2x4)3/2

Optimal (type 4, 423 leaves, 8 steps):
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5
= X
x (3+4x2) V2 xV1e2x2i2xt 1 \ 3
- - — | = ArcTan[———— ] +
10V1+2x212% 5(1+\/?x2) 18\ 5 Vit2x2+2x

2 4
! 214 (1442 ) 22X 02X e iptick 2 AncTan |24 x], © (2-v2)] -
5v1+2x%+2x4 (1+\/7x2>2 4
2 4
(2124 22%) (142 %2 12X 2X e iptick [2ArcTan |24 x], © (2-V2]] /
(1+\/7X2)2 4

[4(-2+3\/7) J1+2x2+ 2%

1+2x%2+2x4

(3+\E) (1+\/7x2) ﬁ EllipticPi[i (12711\5),
1+\/7X22

2Ar‘cTan[21/4x],i(2—\/7)] /(19 24 (2-3v2 ) \J1e2x? 42

Result (type 4, 199 leaves):
6x+8x7+4i\I 1 \[1+(1-1)x® \[1+ (1+1)x® EllipticE[iArcSinh[vV1-1 x], i] -
(1+33) VI3 J1+ (1-i)x% /1+ (1+i)x? EllipticF[iArcSinh[VI-i x|, i] -

2 (1-1)22 1+ (1-d) %2 1+ (1+1) %2
EllipticPi[§+ i iArcsinh[V1-1i x], i])/ (zem

Problem 352: Result unnecessarily involves imaginary or complex numbers.

j 1 dx
(3+2x%) (1+2x2+2x%)%2

Optimal (type 4, 422 leaves, 8 steps):
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wwn
x
[R—

ArcTan |

x(1:3%)  3xI:2x7 2k Jiarae
B . . B
5V1+2x2+2x 5\/7(1+\/7x2) 5+/15

142 x2) /ﬁ EllipticE[2ArcTan[2V4x], ¥ (2-V2 )]

5.234/1+2x%2+2x4

3

1+2x%2+2x4

(1+\/?X2)2

(2 23/4 (—2+3\/2 ) J1+2x2+2x

(3+ﬁ) (1+ﬁx2) 1r2xt2xt EllipticPi[i (12-11ﬁ),
(1+\/7X2)2 24

(2-V2]] /(15 224 (2-3v2 ) m)

EllipticF[2ArcTan|[2V*x],

2477 ) 1042 ]

SIS

+

2ArcTan[2Y4x],

FNQUPN

Result (type 4, 199 leaves):
~6x-18x*-9i1-1 ~/1+ (1-i)x? [1+ (1+1)x® EllipticE[iArcSinh[vI-i x], i]+
(6+3i)VI-1 J1+(1-1)x® \/1+ (1+1i)x* EllipticF[iArcSinh[vV1-i x|, i]+
2 (1-1)22 1+ (1-1) %2 1+ (1+1) %2
Ellipticpi[§+ g, iArcSinh[V1-1 x], 1])/ (3am

Problem 353: Result unnecessarily involves imaginary or complex numbers.

1

J dx
x2 (3+2x%) (1+2x2+2x4)%2

Optimal (type 4, 468 leaves, 15 steps):
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X 2x(1+3x2)

- +
3vV1+2x2+2x4 15vV1+2x2+2x4

wwn
x
[E—

2 ArcTan|

Vi+v2x2+2x% 242 x/1e2x212x8 \J1e2 3242 x4
. _
3x 15 (1+ﬁx2) 15+/15

1+2x%2+2x4

i) (1042 )

E1lipticE |2 ArcTan[24x], = (2-V2)] /
4

+

[15x/1+2x2+2x4

1+2x%2+2x4

(1+\/?X2)2

[3 23/4 (-2+3\/7) J1+2x2+2x

2 P 1/4 1,
(-7+3V2 ) (142 »] EllipticF 2 ArcTan[2Y%x], . (2-V2 )] /

1:2x2+2x8 1
SIEE S Ellpticei| = (12-11V2

21/4(3+x/7) (1+\Ex2) ( . "
1+\/?X2)

2ArcTan[24%x], i (2-V2 ] /(45 (2-3V2 ) J1e2x2 2

Result (type 4, 211 leaves):
1

99 xV1+2x%+2x4
(42@/14 x[1+ (1-i)x? [1+ (1+i)x? EllipticE[iArcSinh[vVI-i x|, i] -

(27-394) VI-& xy/1+ (1-i)x? \/1+ (1+i)x? EllipticF[iArcSinh[vVI-i x|, i] -

2 (15+39x2+12x4+

2 (1-1)*2x 1+ (1-1) % 1+ (1+4) X EllipticPi[> + =, i Arcsinh[vI-1 x], 1})]
303

Problem 361: Unable to integrate problem.
Jx“ \Vd+ex? B

a+bx?+cx*

X

Optimal (type 3, 390 leaves, 10 steps):
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xVd+ex?

\/ch (b—\/b2—4ac ) e x
\b-+vVb2-4ac Jd+ex?

b2cd-2ac?d-b*e+3abce

ArcTan |

1/

[bcd—b2e+ace—

b2-4ac

c®./b -4ac \/ch— - b -4ac

b2cd-2ac?d-b*>e+3abce

e —

2cd—(b+\/b2—4ac)e X

Ar‘cTan[ }

\b+vVb2-dac Jd+ex?

[bcdb2e+ace+

b2-4ac

(cd-2be) ArcTanh[—\&]

d+e x?

e

c2./b -4ac \/ch— b -4ac

Result (type 8, 31leaves):
Jx“ Vd+ex? 4

a+bx?+cx?

2c2+/e

X

Problem 362: Unable to integrate problem.
sz Vd+ex?

a+bx?+cx?

dx

Optimal (type 3, 324 leaves, 9steps):
\/2 cd- [b—xl b*-4ac

b-/b%-4ac +/d+ex?
c\yb-+b%*-4ac \/2cd (bfx/b274ac ) e

e X

]

b2
(cd_be_ MJ ArcTan]
b?-4ac

\/2Cd[b+\/ b’-4ac ] e x
] S x
b/ b?-4ac +/d+ex? \EAPCTanh[ drex2 }

c
c\Vb+vVb%2-4ac \/2cd(b+\/b24ac)e

Result (type 8, 31leaves):

_h2
{cd_be+ w] ArcTan|
b’-4ac
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szx/dﬂex2

a+bx?+cx?

dx

Problem 363: Unable to integrate problem.
J Vd+ex?

a+bx?+cx?

dx
Optimal (type 3, 240leaves, 11 steps):
\/ch(b\/ b’-4ac ] e x

b-+/b%*-4ac +/d+ex?
Vvb%2-4ac \/b-+/b2-4ac

\/ch—(b—\/b2—4ac)eAr‘cTan[ ]

\/2cd—[b+xlb2—4ac ] e x

b/ b%>-4ac +/d+ex?
Vb2-4ac \/b+Vb?>-4ac

Result (type 8, 28 leaves):
j Vd+ex?

a+bx?+cx?

\/2cd(b+\/b24ac)eAr‘cTan[ ]

dx

Problem 364: Unable to integrate problem.
J Vd+ex?
X2 (

a+bx2+cx4)

dx

Optimal (type 3, 291 leaves, 8 steps):

Jm[bm]e )

c (d + bd'ﬁ] ArcTan|

]

m [b*-dac b-+/b2-4ac +/d+ex?
ax

a\b-vVb2-4ac \/ch (b—x/b2—4ac ) e

e X

Jch[b+w/b24ac
b+ b2-4ac -+ drex?
b+Vb2-4ac \/ch (b+\/b2—4ac ) e

]

c [d - M) ArcTan|
b%-4ac
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Result (type 8, 31 leaves):
Vd+ex?
sz (

a+bx2+cx4)

dx

Problem 365: Unable to integrate problem.
J Vd+ex?
x4 (

a+bx2+cx4)

dx

Optimal (type 3, 373 leaves, 12 steps):
Vd+ex? 2evd+ex? (bd-ae)Vd+ex?

- + + +
3ax3 3adx aZdx

\/ch[bx/bzzlac]e X
[

b-+/b%-4ac +/d+ex?
a’\/b-+b*-4ac Jch(b\/b24ac)e

]

2
c [bd—ae+w] ArcTan

N/ b%-4ac

\/2cd[b+x/b24ac]e X
b/ b>-4ac +/d+ex?
a’\/b++vb2-4ac Jch(b+\/b24ac)e

]

c [bd—ae—w] ArcTan |

\/b%*-4ac

Result (type 8, 31leaves):
Vd+ex?
Jx“ (

a+bx2+cx4)

dx

Problem 366: Unable to integrate problem.
J Jdrex?
X6 (

a+bx2+cx4)

dx

Optimal (type 3, 512leaves, 15 steps):
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Vd+ex? 4de+d+ex? (bd—ae>'\/d+ex2

— + + —

5ax° 15adx3 3a2dx3
8e24/d+ex? Ze(bd—ae)\/d+ex2 (bzd—acd—abe)\/dJrex2
15 ad? x 3a2d?x aldx

2cd—(b—\/b2—4ac)e X

ArcTan | ]

\b-+vVb2-4ac /d+ex?

b>d-3abcd-ab2e+2a%ce

Vb2-4ac

a®./b-+/b>-4ac \/ch(b\/b24ac

b3d-3abcd-ab?e+2a%ce

Vb —dac

C [bzdacdabe+

e —

\/2cd(b+\/b24ac)e X
\b+vVb2-4ac Jd+ex?

c[bzd—acd—abe— ArcTan|

1/

e

a®./b++/b?>-4ac \/2cd—(b+x/b2—4ac

Result (type 8, 31leaves):
Vd+ex?
st (

a+bx2+cx4)

dx

Problem 371: Unable to integrate problem.

dx

Jx“ (d+ex2)3/2

a+bx?+cx?

Optimal (type 3, 595leaves, 17 steps):
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(3cd-4abe) xd+ex? x(d+ex2)3/2

+ —

8 c? 4c

b2cd-2ac?d-b*e+3abce

Vb2-4ac

e |[bcd-b’e+ace-

\/ch [b7\/b274ac

2cd—(b—\/b2—4ac)e X

Ar‘cTan[ }/Zc3 b-+/b’-4ac |-
\b-+vb2-d4ac /d+ex?

e |[bcd-b?e+ace-

\/ch [b+x/b2—4ac

bzchaczdb3e+3abce]

Vb%2-4ac

Jch—(b+\/b2—4ac>e X
\b+vVb2-dac /d+ex?

ArcTan |

1/

d(3cd-4be) Ar‘cTanh[J&}

d+e x?
23 /b+rfb*-4ac |+
8c2+/e
24 24 13
Ve bcd—b2e+ace—b“”acdb'““bce]Ar'cTanh[—\LEX
N b*-4ac d+e x?
2¢3
24 24 13
Ve bcd—b2e+ace+bCd“cdb'“““bce]Ar‘cTanh[—\Lex ]
N b*-4ac d+e x?

2¢3
Result (type 8, 31 leaves):

Jx“ (d+ex2)3’/2

a+bx?+cx?

dx

Problem 372: Unable to integrate problem.

dx

sz (d+ex2)3/2

a+bx?+cxt

Optimal (type 3, 491 leaves, 16 steps):
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bcd-b%2e+2ace

Vb2-4ac

cd-be-

d 2
MJr \/ch—(b—xlb2—4ac)e

2c

Jch—(b—\/b2—4ac)ex
ArcTan | }/2(:2 b-~/b2-4ac |+
\b-+vVb2-d4ac /d+ex?

bcd-b%2e+2ace

Vb2-4ac

cd-be+

e

\/ch [b+x/b2—4ac

Jch—(b+\/b2—4ac)e X
\b+vVb2-dac /d+ex?

Ar‘cTan[

}/ZC2 b++/b?>-4ac +

d+/e ArcTanh [ ﬂ} Ve

d+e x?

Cdbebcdbzedace]ArcTanh[ Ve x ]

b?-4ac d+e x?

+ +
2c 2c?

Ve

cd-bes+ WMJ Ar‘cTanh[—\@]

b?-4ac d+e x?

2¢?
Result (type 8, 31 leaves):

sz (d+ex2)3/2

a+bx?+cxt

dx

Problem 373: Unable to integrate problem.

dx

J<d+ex2)3/2

a+bx?+cx?

Optimal (type 3, 487 leaves, 13 steps):
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(2c2d2+b(b—«/b2—4ac e?2-2ce|bd-+/b? -4ac d+ae

chd—(b—\/b2—4ac)e X

Ar‘cTan[ }

\b-+vVb2-d4ac /d+ex?

c/b?-4ac ./b-+/b?-4ac Jch—(b—x/b2—4ac

(2c2d2+b [b+x/b2—4ac

e

bd++/b?’-4ac d+ae

e?2-2ce

2cd—(b+\/b2—4ac)e X

Ar‘cTan[ } /
\b+vVb2-dac /d+ex?

cyb’>-4ac ./[b++/b>-4ac Jch—(b+x/b2—4ac

Ve (3cd— (b,m) e) ArcTanh [ —Lex]

e

d+e x? ~
2cvVb?-4ac
e (3cd— (b+\/b2—4ac ) e) Ar‘cTanh{—*@]
d+e x?
2cvVb?-4ac

Result (type 8, 28 leaves):

dx

J<d+ex2)3/2

a+bx?+cx?

Problem 374: Unable to integrate problem.
JZ((d+ex2)3/2 i

a+bx2+cx4)

Optimal (type 3, 260 leaves, ? steps):
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[Jm[bm)ex

(chf(bfx/b274ac)e)s/zArcTan ]

d~/d+ e x2 b-+/b%*-4ac +/d+ex?
- - +
ax Vb2-4ac (b—\/b2—4ac)3/2

Jch[b+w/b24ac ] e x

A[ bt/ b%*-4ac +/d+ex?

Vb%2-4ac (b+\/b2—4ac )3/2

(ch—(b+\/b2—4ac)e)3/2Ar‘cTan[ ]

Result (type 8, 31 leaves):

(d+ex2)3/2
J dx
XZ(

a+bx2+cx4)

Problem 375: Unable to integrate problem.
J : ((d+ex2)3/2 dx

a+bx2+cx4)

Optimal (type 3, 523 leaves, 19 steps):
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b2d-2acd-abe

Vb2-4ac

bd-ae+

bd- \/d 2 d 2)3/2
( ae) rex —( rext) + \/ch—(b—xlb2—4ac)e

aZ x 3ax3

Jch—(b—\/b2—4ac)ex
ArcTan | ] /[Za2 b-+/b%-4ac ]+
Nb-b2-4ac +d+ex?

b2d-2acd-abe

Vb2-4ac

bd-ae-

e

\/ch [b+x/b2—4ac

Jch—(b+\/b2—4ac)e X
\b+vVb2-dac /d+ex?

Ar‘cTan[

}/[Za2 b++/b?2-4ac J

Ve (bd—ae) Ar‘cTanh[M} Ve

d+e x?

a2 2 aZ

bdaebZdZacdabe] Ar‘cTanh[J@]

b?-4ac d+e x?

Ve

bd-ae+ 71’2‘12”‘13“} Ar‘cTanh[—\Le |

\/b*-4ac d+e x?

2 a2

Result (type 8, 31 leaves):

(d+ex2)3/2
J dx
x4(

a+bx2+cx4)

Problem 381: Unable to integrate problem.
J x* /1 - x?

a+bx?+cx?

dx

Optimal (type 3, 325leaves, 9steps):
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[bZ_achbc_M] Ar‘cTan[ W" ]

A/ b2-

x/1-x2  (2b+c) ArcSin[x] baac bor/b22ac 12
" _

2¢ 2¢?
cz\/b—\/b2—4ac \/b+2c—\/b2—4ac

[bzac+bc+MJ Ar-cTan[ Wx ]
oo -aac \Jbizci b2 aac

Result (type 8, 31 leaves):
J X1 X

a+bx?+cx?

dx

Problem 382: Unable to integrate problem.
J x2 /1 - x?

a+bx?+cx?

dx

Optimal (type 3, 263 leaves, 8 steps):

b+c-
b2
ArcSin[x] Vrr-ase b-/b2dac 1%
_ . .
c C\/b—\/b2—4ac \/b+2c—\/b2_4ac

[b+c+w) ArcTan | Wx ]
b> 4ac bi/b?daac 12
c\[b-Vb?-2ac Vbr2ciVb-dac

Result (type 8, 31leaves):
f T X

a+bx?+cx?

dx

Problem 383: Unable to integrate problem.
J Vi-x?

— dx
a+bx?+cx?

Optimal (type 3, 220leaves, 9 steps):
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+2C- 2_
Jor2c-o?-aac ArcTan] Jorefirase « |
o viane ix

VvbZ-4ac \/b-+/b%2-4ac

4/ b+2 c+r/ b2-
\/b+2c+x/b274ac ArcTan | 2 tec x]
A b+y/b?-4ac /1-x?
vb2-4ac \/b+Vb%2-4ac

Result (type 8, 28 leaves):
J Vi-x2

a+bx?+cx?

dx

Problem 384: Unable to integrate problem.
Vix®
sz (

a+bx2+cx4)

dx

Optimal (type 3, 265 leaves, 8 steps):

C (1+23+b] Ar‘cTan[ mx }
1 - x? \/m bi\/m \/?
ax a\/b—m \/b+2c7m

c [1_2a+b] ArcTan| Wx |
b2-4ac b+m m
a\b+VoZdac \Jbr2ciVbr dac

Result (type 8, 31 leaves):
J Vi-x2
X2 (

a+bx2+cx4)

dx

Problem 385: Unable to integrate problem.
JXL&LXZ

~1+x2+ x4

dx

Optimal (type 3, 96 leaves, 8 steps):
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]
~ArcSin[x] + 1 (2+\/?) ArcTan | -
> V1-x2
i (—1+\E) X
1 2
= (—2+\/?) ArcTanh | ]
: Ve

Result (type 8, 27 leaves):
J x2/1-x%

~1+x2+x4

dx

Problem 386: Unable to integrate problem.

x8

J\/d+ex2 (a+bx2+cx4>

dx

Optimal (type 3, 479 leaves, 17 steps):
3dxvVd+ex? bxvd+ex? x3+\/d+ex?

8ce? 2c2e 4ce

\/ch[b\/b24ac)e X
b-/b%-4ac +/d+ex?
c3\b-+vb%>-4ac Jch— (b—\/b2—4ac ) e

[bg_zabc_tMabszaZcZJ ArcTan |

Joasc ]

\/2cd[b+\/b24ac)e X
b+\/b>-4ac ~/d+ex?
cb+vb?2-4ac Jch— (b+\/b2—4ac ) e

]

[b3—2abc+b4“bzc*zazcz) ArcTan |

\b?-4ac

3d? Ar‘cTanh[—\&] bdAr‘cTanh[L} (b>-ac) Ar‘cTanh[J&}

d+e x? d+e x? d+e x?

8ce5/2 ZCZ e3/2 C3\/?

Result (type 8, 31leaves):

x8

J\/d+ex2 (a+bx2+cx4>

dx
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Problem 387: Unable to integrate problem.

x6

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 366 leaves, 13 steps):

e X

\/ 2¢d- (wm
x\/d+ex? \/m b-y/b*-4ac +/drex?

+ +

2ce
c2\/b-+/b?-4ac Jch(b\/b24ac)e

[b2 —ac- M) ArcTan |

e X

J 2ca(ofiaae
] Jex Jex
=i dAr‘cTanh[ - } bAr‘cTanh[ o }

2ced/? c2e
c2\b+vb2-4ac chd (b+\/b274ac ) e

[b2 —ac+ M) ArcTan |

b?-4ac

Result (type 8, 31leaves):
X6

J\/d+ex2 (a+bx?+cx?)

dx

Problem 388: Unable to integrate problem.

x4

J\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 298 leaves, 10 steps):

Jm[bm]e )
b-/b>-dac +[diext
c\/ﬁchd (bfvm) e

(b - bP2ac ] ArcTan|
b2-4ac

]

Jch[mmje ;
] JEx
b/ b2-4ac -+ diex? ArcTanh [ \/m]

N
ce
cvyb+Vb2-4ac Jch(b+\/b24ac)e

(b + M] ArcTan|
b?-4ac
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Result (type 8, 31 leaves):

X4

J\/d+ex2 (a+bx2+cx4)

dx

Problem 389: Unable to integrate problem.

x2

J\/d+ex2 (a+bx2+cx4>

dx

Optimal (type 3, 240 leaves, 6 steps):
e x \/ch(bﬂ/bZAac]ex

\/ch[b\/bZAac
\/b-+b2-4ac ArcTan| | Ab+Vb2-4ac ArcTan|

]

A b-A/b?-4ac /d+ex? \[ b/ b?-4ac  d+ex?
+
Vvb2-4ac \/2cd(bx/b24ac)e Vvb2-4ac Jch(b+\/b24ac)e

Result (type 8, 31 leaves):

X2

J\/d+ex2 (a+bx2+cx4)

dx

Problem 390: Unable to integrate problem.

1

J\/d+ex2 (a+bx2+cx4>

dx

Optimal (type 3, 243 leaves, 5steps):
\/2 cd- (b—\/ b?-4ac

b-+/b%*-4ac ./ d+ex?
Vvb2-4ac \b-+b%2-4ac Jch(b\/bzélac)e

e X

2 c ArcTan|

}

\/ch[bﬂ/bzz‘lacjex
b+ b*-4ac +/d+ex?
Vb2 -4ac \/b++/b%2-4ac \/2cd(b+\/b24ac)e

2 cArcTan|

]

Result (type 8, 28 leaves):
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1

J\/d+ex2 (a+bx2+cx4)

dx

Problem 391: Unable to integrate problem.

1

szx/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 280 leaves, 9 steps):

Jm[bm]e .

]

C (1+ b ] ArcTan |

Jdriexd Pt b[bdaac ydex
: adx ) .
ayyb-+/b%*-4ac \/ch(b\/b24ac)e
\/2cd(b+xlb24ac e x
C [1—*) ArcTan | ]
b%-4ac

b+v/b%-4ac +/d+ex?
a\yb+i/b2-4ac \/ch (b+\/b274ac ) e

Result (type 8, 31leaves):
1

Jx2\/d+ex2 (a+bx2+cx4)

dx

Problem 392: Unable to integrate problem.

1

Jx“\/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 341 leaves, 11 steps):
Vd+rex? byd+ex? 2e+/d+ex?
+ +

3adx3 a2dx 3ad?x

+

Jch[bx/b24ac]e X \/2cd[b+\/b24ac e x

C [b+ M] ArcTan]| ] C [b— M) ArcTan| ]
b%-4ac A/b%*-4ac

b-+/b%-4ac +/d+ex? b+y/b%-4ac +/d+ex?
+
a2\/b-+vb%-4ac \/ch—(b—\/b2—4ac)e a2\/b+vb2-4ac Jch—(b+\/b2—4ac)e

Result (type 8, 31 leaves):
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1

Jx“\/d+ex2 (a+bx2+cx4)

dx

Problem 393: Unable to integrate problem.

1

stx/d+ex2 (a+bx2+cx4)

dx

Optimal (type 3, 443 leaves, 14 steps):

Vd+ex2 b/d+ex? 4ed+ex2 (b*-ac)Vd+ex? 2be+d+ex?
- N N - -

5adx® 3a%2dx3 15 a d? x3 adx 3a2d?x

sz[bmje .

c[bz—ac+M) ArcTan| ]

b*-4a
8e2+/d+ex? ¢ b-y/b*-4ac -/ d+ex?
15ad>x

al\b-+vb2-4ac Jch— (b—\/b2—4ac ) e

\/2cd(b+\/b24ac]e X
b+ b%-4ac +/d+ex?
a’\b++Vb2-4ac \/ch— (b+\/b2—4ac ) e

C [bz—ac—MJ ArcTan | ]

b’-4ac

Result (type 8, 31 leaves):
1

Jx6\/d+ex2 (a+bx2+cx4)

dx

Problem 394: Unable to integrate problem.
X6

J(d+ex2)3/2 (a+bx?+cx?)

dx

Optimal (type 3, 350 leaves, 14 steps):
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e X

, Jch(bxlb24ac
Z[bzacM) ArcTan | ]

. Joaac oo aac \faext
+
e(cdszde+ae2)\/m c\/ﬁ(ZCd_(b_m)e>3/z

+

e X

Jm(wm
] ex
sfiane Jaea  ArETann| 2]

c\b+vVb%2-4ac (2cd—(b+\/b2—4ac)e>3/2 ce’’?

2 [bz —ac+ M) ArcTan |

b?-4ac

Result (type 8, 31 leaves):

x6

J(d+ex2)3/2 (a+bx2+cx?)

dx

Problem 395: Unable to integrate problem.

x4

J(d+ex2)3/2 (a+bx?+cx?)

dx

Optimal (type 3, 360 leaves, 8 steps):

\/ch(b\/bZAac ] e x
{bdaew]Ar‘cTan[ ]

d x bt-aac A/ b-A/b*-4ac +/d+ex?
cd’-bde+ae?) Vd+ex?
( ’ ) ' \Jb-+vb2-4ac \/ch(b\/b24ac)e (cd>-bde+ae?)

\/2cd[b+«/bz4ac e x
b+y/b*-4ac +/d+ex?

\Jb+vVb2-4ac \/ch (b+\/b2—4ac ) e (cd*-bde+ae?)

]

2
(bdae+ w) ArcTan|
b?-4ac

Result (type 8, 31leaves):

x4

J(d+ex2)3/2 (a+bx2+cx?)

dx
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Problem 396: Unable to integrate problem.

x2

J(d+ex2)3/2 (a+bx2+cx?)

dx

Optimal (type 3, 333 leaves, 8steps):

\/ch[bxlbzzlac ) e x
e b-+/b*-4ac +/d+ex?

]

c (d - bd'ﬁ] ArcTan

\/b%-4ac

X
.
d2-bd 2) +/d 2
(c erae?) Vdrex' me(bm)e (cd®-bderae?)

\/2cd[b+w/b24ac)ex
b+y/b*-4ac -/ d+ex?
Vb+Vb2-4ac \/2cd(b+\/b24ac)e (cd>-bde+ae?)

]

C [d + M] ArcTan|
b%-4ac

Result (type 8, 31leaves):

x2

J(d+ex2)3/2 (a+bx?2+cx?)

dx

Problem 397: Unable to integrate problem.

1
J(d+ex2)3/2 (a+bx?+cx?)

dx

Optimal (type 3, 341 leaves, 8steps):

e X

\/2cd—(b—\/b2—4ac
cle- Zc‘“’e] ArcTan | ]

N Joaac bfoaac Jarext

d d2-bd 2) /d 2
(e evae’) rex b-+vb2-4ac Jch—(b—\/b2—4ac)e (cdz—bde+ae2)

\/2cd—[b+x/b2—4ac]e X
b++/b%-4ac +/d+ex?
\b+vb2-4ac Jch— (b+\/b2—4ac ) e (cdz—bde+ae2)

C

]

e+ 2““’9) ArcTan |
b2-4ac
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Result (type 8, 28 leaves):
1

J(d+ex2)3/2 (a+bx2+cx4>

dx

Problem 398: Unable to integrate problem.

1
dx
sz (d+ex2)3/2 <a+bx2+cx4)

Optimal (type 3, 339 leaves, 12 steps):
e(cd-be)x -d-2ex?

+ —

ad(cd2+e(—bd+ae>)\/d+ex2 ad?x+d+ex?

Jm[bm)ex]

a\b-vb*-4ac (2cd—(b—\/m) 9)3/2

2c? (1+ b} Ar‘cTan[
b2-4ac

\/ch[bﬂ/bzzlac J e x

bif/b2dac [diext
ayb+Vb2-4ac (ZCd_(b+m)e)3/2

2¢? (1 #] ArcTan |
b?-4ac

]

Result (type 8, 31 leaves):
1

sz (d+ex2)3/2 (a+bx2+cx?)

dx

Problem 399: Unable to integrate problem.

1
Jx4 (d+ex2)3/2 (a+bx2+cx?)

dx

Optimal (type 3, 419leaves, 15steps):
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1 3bd+4ae 2e(3bd+4ae)x
. _

+

3adx?V/d+ex? 3aZd?’x/d+ex? 3a2d3+/d+ex?

e X

\/2 cd- (b—w/ b?-4ac

A b-r/b*-4ac ./ d+ex?

N
a’d (cd’+e(-bd+ae)) Vd+ex? a2+/b-+/b%2-4ac (ch— (b—\/b2—4ac ) e)3/2

2¢? [b + M) ArcTan|
b%-4ac

]

e(bcd—b2e+ace)x

+

\/ch[b+x/b24ac J e x

bif/b2-dac [diext
a\/b+Vb2-4ac (2cd—(b+\/m)e)3/2

]

2¢2 [b - M] ArcTan |
b%-4ac

Result (type 8, 31 leaves):
1

Jx4 (d+ex2)3/2 <a+bx2+cx4)

dx

Problem 400: Unable to integrate problem.

dx

J<-Fx)m (d+ex?)?

a+bx?+cx?

Optimal (type 6, 243 leaves, 6 steps):

2¢ (Fx)V" (d+ex?)? 1+exz qu om 3o 2cx ext
ppellF1| , 1, -a, ) - » =]
d 2 2 b-Vb2-4ac d
(\/b2—4ac (b—\/b2—4ac]f(1+m) -
2\-q 2 2
(Zc(fx)l*m <d+ex2)q[1+ex) AppellFl[l;m, 1, -q, 3+m)_ 2cx J_e_x}
d 2 2 b+Vb2-4ac d

(\/b2—4ac (b+\/b2—4ac]f(1+m)

Result (type 8, 31 leaves):

j(fx)m (d+ex?)?

a+bx?+cxt

dx

Problem 405: Unable to integrate problem.
J <d+eX2)q dx
x (a+bx?+cx?)

Optimal (type 5, 262 leaves, 8 steps):
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b . 2c (d+ex?)
c 1+] (d +ex?) "9 Hypergeometric2F1[1, 1+q, 2 +q, ] /
Nrarers 2cd-[b-+b" 4ac e
[2a(2cd—[b—m e (1+q))+
2c(d 2
c [1_bJ (d +ex?)*" Hypergeometric2F1[1, 1+q, 2 +q, c ldrex ] /
m 2Cd—(b+\/m)e
2a(2ca [brfo? ac ] (11a]| -

(d+ exz)1+q Hypergeometric2F1[1, 1+q, 2+q, 1+ esz]

2ad (1+q)

Result (type 8, 29 leaves):
d 2\4g
J ( +eX ) dx
X (@a+bx?+cxt)

Problem 407: Unable to integrate problem.

dx

Jxﬁ (d+ex?)?

a+bx?+cx?

Optimal (type 6, 339 leaves, 12 steps):

b (b*>-3ac ex2) 9
[[bzac<> x(d+ex2)q 1+
Vb?-4dac d
3 2 ¢ x? e x?

1
AppellF1[=, 1, -q, =, - —————————, - —]|
2

J
2 p-+/b2-4ac d

b (b2-3ac 2\ -4
([bzac+(> x(d+ex2)q[1+ex
Vb2-4ac d
1 3 2cx? e x?
AppellFl[~,1, -q, = - —————, - —| /(c2 (b+xlb2—4ac))f
2 2 b+vb2-4ac d
bx (d+ex?) (1+ ed—xz)fq Hyper‘geometr‘icZFl[%, -q, %, —ed—xz]

c2

x3 (d+ex?)? (1+ ed—"z)fq Hyper‘geometr‘icZFl[%, -q, 3, _ex

3c
Result (type 8, 29leaves):

st (d+ex?)1

a+bx?+cx?

dx
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Problem 408: Unable to integrate problem.

x* (d+ex?)?
J—dlx
a+bx?+cx?
Optimal (type 6, 273 leaves, 10 steps):
b2-2ac . ex?) 1 3 2 ¢ x?
~|||b-———| x(d+ex?*)9 |1+ AppellFl| =, 1, -q, =, - ————
Vb -4ac d 2 2 b-+/b2-4ac
(c (b—x/b2—4ac]) -
b2-2ac " ex?) 1 3 2cx?
by ———— | x(d+ex?)? |1+ AppellFl|[~,1, -q, = - —————, - ——|
Vb2-4ac d 2 2 pi+/b2-4ac

exz}

2\ -q i
x (d+ex?)® (1+ %) Hypergeometr‘lczFl[i, -q, i, -

+

oo i aac)

Result (type 8, 29 leaves):

Jx“ (d+ex?)f

a+bx?+cx?

C

dx

Problem 409: Unable to integrate problem.

x2 (d+ex2)q
Jidlx
a+bx?+cx?
Optimal (type 6, 162 leaves, 6 steps):
x (d+ex?)? (1+22) " appellF1[L, 1, -q, 3, - —2  _ex
( ) ( d ) [2 2 b-+/b%*-4ac d ]
— +
Vvb2-4ac
2\9 ex? )4 1 g, 3 __2cx  ex
x(d+ex) (1+ d) AppellFl[z,l, a5 s b+m, d]
Vvb2-4ac

Result (type 8, 29leaves):

sz (d+ex?)?

a+bx?+cx?

dx

Problem 410: Unable to integrate problem.
J (d+ex?)? ;

a+bx?+cx?

Optimal (type 6, 190leaves, 5 steps):
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214 2\ 1 3 2cx? e x?
-[|[2cx (d+ex?) (1+ J AppellFl|~, 1, -gq, f,——,—i]/
2 2 p-+b*-4ac d
(b2—4ac—bx/b2—4ac) -
5 ex?)d 1 3 2 ¢ x? e x?
2cx(d+ex)q[1+ ] AppellFl| —, 1, -q, ,,_—,_7}/
d 2 2 p+/b2-4ac d
[b2—4ac+b\/b2—4ac)
Result (type 8, 26 leaves):
d 2\q
J<+EX>le
a+bx?+cx?
Problem 411: Unable to integrate problem.
d 2\4q
j ( +ex) dx
x2 (a+bx?+cx?t)
Optimal (type 6, 264 leaves, 10 steps):
2\ -9
—( cl|lly ——— x(d+ex2>q[1+ex
Vb%2-4ac d
1 3 2 ¢ x? e x? 2
AppellFl[=,1, -q, — - —————, - ——| /(a [b— b —4ac) -
2 2 b-+b2-4ac d

b " ex?) 9 1 3 2 c x? e x?
cl1-———|x(d+ex?)? |1+ AppellF1[=, 1, -q, =, - ——————, - —] /
b2-4ac 2 2 p+Vb2-4ac d

g w@])

(d+ex?)® (1+ e;‘ )'q HypergeometriCZFl[—i, -q, i, -

2
e;]

ax

Result (type 8, 29leaves):
(d+ex?)d
sz (a+bx?+cx?) ax
Problem 412: Unable to integrate problem.
(d+ex?)?
Jx“ (a+bx?+cx?) ax

Optimal (type 6, 328 leaves, 12 steps):
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b2-2ac 214 ex?\ 1 1 3 2cx? e x?
clbr —————|x(d+ex?)? |1+ AppellFi[—, 1, -q, *,f—,*i]/
Vb%2-4ac 2 2 b-+/b%-4ac d
(az (b7«/b274ac ]+
b2-2ac 214 ex?) 1 3 2 ¢ x? e x?
C b - ———— | X (d +eX ) 1+ AppellFl[*; 1: *CI; N ] /
Vvb2-4ac 2 2 b+vVb2-4ac d
(d+ex?)d (1+ ﬁ)fq Hypergeometric2F1[-2, —q, -1, - ]
a? (b+\/b2—4ac)]f d 2 2 -
( 3ax3

b (d+ex?)1 (1+ ediz)fq Hyper‘geometr‘icZFl[—i, -q, i, —ediz]

2

a® X

Result (type 8, 29leaves):

(d+ex?)1
J dx
x4 (a+bx2+cx4)
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Summary of Integration Test Results

413 integration problems

A - 275 optimal antiderivatives

B - 25 more than twice size of optimal antiderivatives
C - 73 unnecessarily complex antiderivatives

D - 40 unable tointegrate problems

E - Ointegration timeouts



